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Annotation: 
The work deals with construction and usage of thermal networks to simulate the 
temperature rise in electrical motors of high power. After the introduction into heat 
transfer and flow theory, the construction of three different thermal networks is 
explained.  
Further the work handles different optimization methods and their usage for thermal 
optimization of electrical motors. The Levenberg-Marquard method is chosen and on 
the example is explained the procedure and an advantage against other methods for 
optimizing electrical motors.  
In the conclusion the thesis points out the most important input parameters of the 
thermal networks and their general sensitivity. It compares the results of the simulation 
with the results of tests obtained in test field. Another point of concern is the thermal 
dependence of various elements in the network. 
Anotace: 
Práce se zabývá konstrukcí a využitím tepelných sítí k simulaci oteplení elektrických 
motorů velkých výkonú. Po úvodu do termiky a teorie proudění je popsána konstrukce 
tří různých typů sítí pro odlišné ventilační schémata motoru.  
Dále jsou popsány optimalizační metody a jejich možnosti k tepelné optimalizaci 
motorů. Je vybrána a vysvělena Marquard-Levenbergova metoda a na konkrétním 
případě je vysvětleno její použití a výhody pro optimalizaci chlazení elektrického 
motoru.  
V závěru se práce zabývá také citlivostí teplotních sití na jednotlivé vstupní parametry, 
porovnáním simulací s měřenými výsledky a také vlivem teplotních závislosti 
jenotlivých prvků sítě. 
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1 Introduction  
The attempts to estimate the heat rise of electrical machines is as old as electric 
machines themselves. Already by the first machines ever constructed there were 
occurrences of overheating. It was necessary to design and dimension the cooling 
system. 
At present are the electric machines parts of rather complicated systems. The 
requirements on performance and maintenance are higher than ever. The quality of the 
cooling system design influences the life expectancy and the failure-free operation of the 
machine. On the other hand the placement and mode of application affect the design of 
the cooling system. If the machine works uninterrupted and evenly loaded, the cooling 
design will be different from a design for a machine working in cycles or with high 
toque impulses. The fast transport of heat to the motor surface by high torque impulses 
is one of the most challenging tasks. 
Another influence on the cooling design is the required degree of ingress protection (IP). 
By the common IP 23 it is possible to design cooling channels in stator as well as rotor, 
eventually connecting them through radial cooling vents. For IP 55 this possibility falls 
out. Rotor is completely separated from the rest of the machine and there is no cooling 
circuit or only axial vents with natural convection, rarely forced one. That kind of rotor 
cooling is naturally less effective than direct incorporation of the rotor into the cooling 
system of the machine. There are experiment being made with different types of cooling 
circuits and cooling mediums. 
The most common cooling medium for electrical motors and generators is certainly air. 
The implementation of the cooling circuit varies a lot. One possibility is to completely 
enclose the motor and cool it only with help of correctly designed cooling fins, 
eventually having a ventilator forcing air along the fins. In this case is the design of the 
frame, cooling fins and the way of attaching the motor terminal board very important. 
Another variation is an inner cooling circuit with the fan(s), helping to distribute the 
temperature inside the motor noticeably more even. To the cooling system belong in this 
case the axial and radial vents both in stator and rotor in various combinations. 
Depending on motor surroundings there are then open motors, where the cooling air is 
sucked in directly into inner spaces of the motor or with motors with a cooler. In this 
case the inner cooling circuit is enclosed and the air from inner circuit is cooled down in 
the heat exchanger with help of outside air. The two cooling streams of air never mix. 
Another commonly used cooling medium is water. It is used quite often as a coolant of a 
secondary circuit by motors with the heat exchanger. The advantage of water against air 
is higher heat capacity, which means that by the same volume as air, water can conduct 
higher amount of heat. There are of course some motors where water is used as coolant 
in the primary cooling circuit, or enclosed motors whose surface with cooling fins is 
cooled by water. It is though less common. 
Other possible coolants are for example oil or liquefied gases. Last named are used for 
cooling of special design motors with extremely high power density. The disadvantage 
of those is apart from construction difficulties and high price the slow but steady 
complete still stand and qualified maintenance team servicing the machine. 
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2 Present development 
The computation of rotating electrical machines using the lump parameter method is 
known for quite a long time. The method is based on analogy with a method used for 
computation of rather larger electrical circuits. The usage for complicated schemes 
allows only the fast development of fast computing technology. The thermal scheme of 
an electrical machine is on the first sight very similar to an electrical one. The thermal 
resistance corresponds to electrical resistance, the thermal capacitor to electrical. Instead 
of electrical current source there is a source of thermal losses in the schema and 
analogical to voltage source there is the temperature source. 
In simplified form can be this method used to assess the average temperature of the 
enclosed machine winding. For this case is the substitution diagram strictly speaking 
very simple and well arranged, the solution is possible to be done without sophisticated 
programs. This method is very good described in [1], [8]. It doesn’t take into account 
the influence of the inner cooling circuits in the machine. For the calculation, the losses 
arising in the machine and geometrical dimensions need to be known. The disadvantage 
of this method is the degree of simplifications, the results are very rough, only the 
average temperature of the winding. There is no way how to find out for example the 
hot spots, the critical spots in the winding overhang, where the KTY sensors are fixed. 
The KTY sensors shut down the machine in case of overheating, so they should really 
be placed in the hottest spot of the winding. The advantage of the method is the 
variability. It can be used not only for rotating electrical machines, but for transformers, 
eventually all power components of bigger dimensions. The accuracy is in this case 
adequate, because mostly the power components do not include inner cooling circuits 
with fast flow of the coolant. 
If the task on the hand is to ascertain the distribution of temperature inside of the 
machine, and not only in the winding but for example the yoke distribution, or 
determine the heat rise of the shaft or frame for comparison with the safety norms, the in 
previous paragraph described method is simply not elaborate enough. The substitution 
diagram has to describe quite in detail the structure of the machine and allows including 
the influence of the inner cooling circuits [20] – the transport of heat from solid material 
into the fluid coolant. In case of appropriately chosen substitution diagram the accuracy 
of this method doesn’t falls behind let’s say accuracy of finite elements methods. With 
the accuracy of this method deals the article [17]. Another advantage of this method is 
easy accessibility of the solver. Because of the similarity it is possible to use a quite a lot 
solver for electrical diagrams. There are many on the market. It is necessary to program 
some elements to simulate the transfer from solid material into a coolant, but it is not 
very difficult. 
The main disadvantage of previously described method is that it needs to be design and 
programmed by an experienced engineer. And even he will have to tune in the every 
heat transfer network according to result of an actual measurement. If there is sufficient 
number of test for different shaft heights of one developmental series and the network 
will be calibrated according to them, it allows determining the heat rise of the machine 
with high accuracy in all operating conditions. The network can be then used even for 
motor that haven’t been tested yet or use it for a development of a new shaft height in 
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the series. The most complicated part of creating such a simulation is not the network 
itself; it is the determination of heat transfer coefficients that is most difficult. Mainly in 
the by the winding overhangs or in the air gap [19], generally in positions where is 
difficult to ascertain the velocity of the air flow in the area. The velocity of air flow is 
crucial for the heat transfer coefficient.  
Another method how to determine the heat rise of an electrical machine is using the 
finite element method (FEM) or finite volumes method [13]. While the finite element 
method is more spread and therefore common, the finite volumes method is better suited 
for problems concerning air flow. There are a number of programs using those two 
methods, like ANSYS, CFX, and StarCD and so on. The association with previously 
mentioned method lays in the fact, that in a simplified way, the FEM or FVM network is 
the lump parameter method network, but being refined „into perfection“. One of the 
advantages of this method is the possibility to couple the heat rise calculation together 
with the air flow calculation and determine during the calculation those difficult to 
obtain heat transfer coefficients. On the other hand there are of course disadvantages as 
well. The preparation of the network is extremely time consuming, including usually the 
complete geometry of the machines.  It is then necessary to get the model rid of 
unimportant details in order to keep the size of the grid on reasonable level. The 
duration of the calculation is by no means short either. The size of the machine and fact 
that it is a multiphysics simulation calls for a very experienced operator for the results to 
be plausible. This method is best suited to determine in which direction a new 
development should go or for trial of new construction solution. It is usually necessary 
to calibrate the simulation with help of some measurements as well. 
In present the new research in heat transfer of electrical motors seem to split into a few 
directions: one of them is detailed analysis of geometrically complicated parts of the 
machine, primarily to determine the individual heat transfer coefficients or in order to 
simplify the thermal network and speeding up the modeling work, though further using 
mainly FEM and FVM methods. 
Another trend in present is creating models able to react in real time, predicting the 
temperature rise. Those models are mainly used in different types of circuit breakers, 
fuses and other protections. The disadvantage of those models is the simplicity, it is not 
possible to extract the temperatures of a simple component, only average temperatures 
or temperature trends for certain types of power supply. Those methods are all strictly 
speaking based on [1]. For developers is the extent of information they can provide 
simply insufficient. 
There is quite a big amount of articles covering measuring of electrical machines, 
further developing a network for specialized types of electrical machines. Although they 
cannot mostly provide further insight into problematic of heat transfer networks because 
of their single-purpose, they offer very interesting method of measuring temperatures for 
areas in the rotor, that are normally difficult to reach. 
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3 Introduction into theory 
The term cooling of rotating electrical machines includes the methods used in electrical 
machines to transfer heat losses from the point of origin to the surrounding of the 
machine. 
The cooling system can be for practical reason divided into two sections: 
− The thermal part, describing the transfer of heat losses through the solid parts 
of the machine 
− The ventilation part, covering the flow of the coolant through ventilation 
system 
3.1 The heat rise in the steady state 
This chapter was prepared using these literature sources [1], [5], [9], [26], [29], [30] 
The thermal circuit represents the heat loss flow radiating from the pint of origin, 
usually transferred by means of conduction through machine parts surrounding the 
sources of heat losses and ending on the cooling surfaces, that transfer the heat further 
into cooling medium (into ventilation system). 
3.1.1 Thermal field  
The heat generally spreads from the point of origin by three different means: 
conduction, convection and radiation. The conduction occurs mainly in the solid matter. 
In liquids overweighs the convection significantly the conduction. In gasses all three 
way of transferring heat can occur, but the conduction is very limited. In a vacuum the 
heat is transferred only through radiation. To describe the heat transfer mathematically 
and fully is possible only in case, where there is only one mode of heat transportation. 
Another condition for fully describing the field is the homogenous environment. In 
practices that are only cases of heat transport in a solid homogenous matter or spreading 
heat trough radiation in gasses or vacuum. 
If we deal with this kind of homogenous environment, the thermal field created there is 
similar to electrostatic or scalar current field. The potential quantity is either temperature 
T [K, °C] or heat rise Θ [K]. The distribution in space is described through Poisson 
equation. 
 
2 2 2
2 2 2
q
x y z
Θ Θ Θ
λ
∂ ∂ ∂
+ + = −
∂ ∂ ∂
 (3.1.)  
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where λ [W.m-1.K-1] means specific thermal conductivity of the material and q [W.m-
3] specific heat losses. If the heat doesn’t origin in the considered space, q = 0 and 
Poisson equation transform into Laplace equation 
 
2 2 2
2 2 2 0x y z
Θ Θ Θ∂ ∂ ∂
+ + =
∂ ∂ ∂
 (3.2.) 
For this reason is solving thermal fields analogical to electrical fields. The thermal field 
is described by mutually perpendicular systems of thermal fall lines and isotherms. The 
resulting equations for thermal flow in thermally highly conductive materials (metals) 
are formally the same appearance as equations for current conduction in electrical 
circuits. 
The analogy to the full would be valid only if the both fields would be identical. That 
means the isotherms would be identical with electrical equipotent lines. In reality that is 
not the case. The difference between thermal conductivity of insulants and metals is a 
few digit places smaller than by electrical conductivity. The insulation on a metal 
conductor is from an electrical current - point of view almost ideal, thought the insulant 
flows near to none current. From thermal point of view represents the insulant a material 
which leaks non-inconsiderable amount of heat. That is the reason for the disparity of 
these two fields. In spite of this difference it is often possible to use this analogy and 
calculate the heat flow without big mistakes using simple linear equations. 
The equation formulation of the thermal model is based on first law of thermodynamics 
 ( ) AA A A A A A A A A
A
Tq c v divT div k grad T c
t
ρ ρ  ∂+ ⋅ − =  ∂ 
 (3.3.) 
where qA is specific heat, ρA is specific mass, cA is specific latent heat, TA is 
temperature, tA is time, kA is thermal conductivity coefficient, vA is the medium’s 
velocity of the flow. 
3.1.2 Basic laws of thermal flow 
If we go out from the analogy between thermal and electrical field, we find out that 
thermal flow Q [W] is connected to a heat gradient Θ = T1 – T2 [K] through similar law 
as the Ohm’s law (see Fig. 3.1). 
 
1 2
T T
T TQ
R R
Θ−
= =   (3.4.) 
In the equation RT [K/W] is the thermal resistance of the body. By thermal conductivity 
of the body λ [W/m K] shows the bar with constant cross section S [m2 ] and length 1 
[m] thermal resistance  
 
1 1
TR Sλ= ⋅   (3.5.) 
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There are some bodies of different forms that are often encountered in heat rise 
calculation. For example cylindrical annulus flown through in radial direction or 
truncated cone or truncated pyramid flown through from smaller base to bigger one. If 
we rewrite the formula into differential form 
 
1
T
dxdR
Sλ= ⋅
  (3.6.) 
 
Fig. 3.1 A bar of constant cross section 
where x is the length as variable, after we apply it on cylindrical annulus as in Fig. 3.2 
and integrate it in the limits x∈< r1, r2 >, we come to a formula for the thermal 
resistance or cylindrical annulus in radial direction. 
 
Fig. 3.2 Cylindrical annulus 
 
2
1
ln
2T
r
rR
hpiλ=   (3.7.) 
Similarly for truncated pyramid with general base of area S according to Fig. 3.3 it is 
possible to derive the formula for thermal resistance in direction from smaller to bigger 
base 
 
1
1
( )
TR Sλ
+
=
ℓ ℓ ℓ
ℓ
  (3.8.) 
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x
dx
Q
S
Q
Sx
 
Fig. 3.3 Truncated pyramid 
If we speak about a cone with circular base of r as a radius, we install into the formula S 
= pi.r. In case of the pyramid with a regular rectangle with sides b, h we input S = b.h 
etc. Analogical to electrical schemas we put together the thermal resistances of sections 
ordered next or behind each other. Considering a thermal track made of n plates of the 
same cross section Si = S = const., or slowly changing cross section with average size Si 
(Fig. 3.4), diverse thickness l and thermal conductivity λi, we add up the respective 
resistances. (The cross section has to change quite slowly as to not disturb the even 
distribution of the flow)  
Q
S1, 
S2, 
S3, 
S4, 
 
Fig. 3.4 Pyramid with a rectangular base 
 
1 2
1 11 2
1 1 1 1n nn i
Tn Ti
i in i
R R
S S S Sλ λ λ λ
= =
= = ⋅ + ⋅ + + ⋅ = ⋅∑ ∑
ℓ ℓℓ ℓ
…   (3.9.) 
I case of cylindrical annulus layers connecting with each other the formula will be as 
follows, with regards to a this equation: 
 
2
1
ln
2T
r
rR
hpiλ=   (3.10.) 
 
1
1
ln
1
2
i
i
n
Tn
i i
r
rR
hpi λ
+
=
= ∑   (3.11.) 
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If the heat flow transfers through some parallel ordered paths (Fig. 3.5), the thermal 
conductivities by contrast add up.  
 
Fig. 3.5 Element composed from more than one layer 
 
1 1
1 1
Tn n n
Ti
i i i
i i
R
SΛ Λ λ
= =
= = =
∑ ∑
ℓ
  (3.12.) 
If we compare the previously stated formula for calculating the heat rise on the surface 
of the conductor with the basic equation describing the heat flow 
 
2
0
T
RI QR
P α
Θ
α
= =   (3.13.) 
we find out that the term  
 
0
1
TR Pα α
=   (3.14.) 
describes the thermal resistance for the transfer of heat from the body surface P into 
surroundings. If there are n insulated layers standing in a way of the thermal flow of the 
body surface P into surroundings, than the total thermal resistance RTC will be described 
by following equation: 
 
1 0
1n
TC Ti
i n
R R
Pα
=
= +∑   (3.15.) 
where Pn is the surface of the outer layer in contact with the surrounding medium and αo 
is the specific cooling power. In order to make the whole calculation of the heat rise the 
often transpose the outer cooling condition on the surface of the conductor body Pv. 
That means we calculate using the substitute specific cooling power αon, relative to the 
surface of the conductor Pv, that includes in itself the influence of the interlayer thermal 
resistances. We start with the equality of thermal resistances 
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1 0
1n
TC Ti
i n
R R
Pα
=
= +∑   (3.16.) 
we continue  
 0
1 0
1
1n n
v Ti
i n
P R
P
α
α
=
=
 
+ 
 
∑
 (3.17.) 
With elimination of the l/S ratio for the size of thermal resistance of a constant cross 
section bar and using the formula for electrical resistance of the bar of the same 
dimensions: 
 T
RR
S
λ
ρ
= =
ℓ
 (3.18.) 
the result is the relation between electrical and thermal resistance of an element of the 
same size and dimensions 
 T
RR
ρλ=  (3.19.) 
This equation, helping to calculate the thermal resistances of the elements using the 
known electrical resistance and the relation between them, is valid only under the 
condition of identity of the both fields. This equation is used with merit for calculation 
of the contact joints. If we limit ourselves to the equation of the current constriction 
 uR d
ρ
=  (3.20.) 
 
1u
Tu
RR
dρλ λ= =  (3.21.) 
3.2 The principle of the thermal network 
It is possible to envision the electrical appliance as a set of bodies, which only some of 
them are sources of heat. The heat then is transferred from the point of origin via 
adjoining bodies progressively as far as the boundary between the set of bodies and 
outer environment. The line of mutually connected metal elements is characterized by a 
part of the heat flowing in the direction of the heat gradient escaping through surface 
into the surroundings. The reason for this is the above mentioned difference between the 
thermal and electrical resistances of metals and insulants. In case of this state, the simple 
equations won’t correctly describe this situation. 
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In this situation the „method of thermal networks“ seems adequate. It exploits the 
analogy between electrical lump parameter networks and the thermal network. Ordering 
the partial heat sources and thermal resistances in the line or next to each other the 
thermal network is created. It is a rough network for finite differences method. Not until 
we solve the whole network it is possible to estimate the heat rise of the single point in 
the complex set. 
The thermal networks of the appliances like transformers or electrical motors usually 
have the form of the grid network. The result of the calculation then are the heat rises of 
the grid nodes, i.e. the connections of partial networks, representing the end points of 
single segments of the current path. 
3.2.1 The elements of the heat network 
Free of losses elements 
Elements free of losses (I = 0) with constant cross section (S = const.) and constant 
length l are bare, characterized by heat-transfer coefficient αo, or insulated. For insulated 
we need to determine the equivalent heat-transfer coefficient αon (relative to the surface 
of the conductor Pv). We place it into the schema as a Π-network according to Fig. 3.6. 
Its lengthwise resistance is RT1 and crosswise RTt. 
 
sinh
TR
β
δ=ℓ
ℓ
  (3.22.) 
 
1
sinh
2
TtR βδ
=
ℓ
  (3.23.) 
 0p S O Sδ λ β α λ= =   (3.24.) 
 
0O
S
αβ λ=ℓ ℓ   (3.25.) 
where O is the circumference of the conductor’s surface and λ is heat transfer 
coefficient. 
 
Thermally short bar-determined by heat rise of the ends of the bar 
 << 1βℓ  (i.e. for sizes 0,1 and smaller) 
 
0
2 2
0
0 1
0T p
R
S S
αβ
δ α λ λ≈ = =ℓ
ℓ ℓ
ℓ   (3.26.) 
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2 2
0 00
2 2 2 2
00
Tt
p n n vn
R
P
S
δ β α αα λ
λ
≈ = = =
ℓ ℓ
ℓ
 (3.27.) 
For thermally short bar is the lengthwise resistance of the equivalent schema equal to 
the actual thermal resistance of the bar. Each of the crosswise thermal resistances equals 
to the half amount of resistance representing the heat transfer from the bar surface into 
the air. 
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Fig. 3.6 Thermally short bar 
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Thermally long bar-determined by heat rise of the ends of the bar 
1β >>ℓ  (i.e. for the size 10 and bigger)   
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Sδ α λ
≈ =   (3.30.) 
The infinite value of the lengthwise resistance means none of the heat flow entering the 
bar on one side reaches the other end of the bar. All of the heat flow will be transmitted 
into the adjacencies. In praxis is usually the equivalent schema of the thermally long bar 
reduced to input crosswise resistance, see Fig. 3.7. 
   
Fig. 3.7 Thermally long bar 
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Element free of losses with evenly distributed heat flow 
Bar free of losses  
The bars free of losses (I = 0) are again either bare characterized by heat transfer 
coefficient αo, or insulated, with αon, which cross section along the length is changing so 
slowly, that the assumption of evenly distributed heat flow is met in the whole element. 
By the cross section change steepness the bar is divided into two or more sections of 
median (constant) cross section and place into the network as corresponding number of 
Π-networks, see Fig. 3.8. 
 
Fig. 3.8 Π-network 
Bar free of losses with constant cross section and definite length 
The bars free of losses (I = 0) with constant cross section and of specific length l, where 
the whole surface transmit the incoming heat into the surrounding medium. Those are 
mostly cooling elements (fins), most commonly totally bare (αo), less commonly 
insulated (αon). They connect with the heat network through crosswise thermal 
resistance as shown in Fig. 3.9. 
 
Fig. 3.9 Crosswise thermal resistance 
The value for the constant cross section bar is usually calculated in accordance with this 
simplified equation: 
 
1
tghTch p
R δ β≈ ℓ  (3.31.) 
Much more common than cooling elements with constant cross section are cooling 
elements with variable cross section. The value of their resistance can again be 
calculated by dividing the element into sections with a medial constant cross section. 
The resulting resistance is then the addition of the single section resistances, because 
they are lined serially. 
 
1
n
Tch Tchi
i
R R
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= ∑  (3.32.) 
Thermal calculation of rotational electrical machines using thermal network 
- 19 - 
The ingoing and outgoing heat flow is given 
 1 .( )pQ B Aδ= −  (3.33.) 
 2 .( . . )pQ B e A eβ βδ −= −ℓ ℓ  (3.34.) 
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1 2cosh ( ) cosh
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ℓ
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 (3.37.) 
The ingoing flow Q1 is given and from the other end the heat is transferred into 
surrounding medium, similarly as from the surface. 
 
RTch
Q1
1x=0
 
Fig. 3.10 Bar 
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Q
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 1 1. TchQ RΘ =  (3.40.) 
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The ingoing flow Q1is given, from the opposite end no heat flow emits. 
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Fig. 3.11 Bar 
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1
tghTch p
R δ β= ℓ  (3.43.) 
Element with losses 
Bars with losses 
Bars with losses (I > 0) of a constant cross section can again be bare (αo) or insulated 
(αon). The substitution diagram in this case is a Π-network as seen in Fig. 3.12. The only 
difference between the bar with losses and loss free bar is the fact, that heat rise of the 
crosswise resistances outer ends is not zero but of a final value determined by this 
equation 
 
2 2
0 00n n v
RI RI
P
Θ
α α∞
= =
ℓ
  (3.44.) 
The meaning for the praxis is following: the rise of the heat in the conductor is put into 
a substitution diagram as a numerical change of the temperature drop on the crosswise 
branches of the Π−network. By higher thermal losses, eventually by worse cooling of 
the element Θ∞>Θ1, Θ2 can occur. In this case the heat flowing through crosswise 
branches in not outgoing, but outgoing. Self cooling is insufficient and the excessive 
heat has to be transmitted first into the adjoining elements and then passed along into 
the surrounding medium. The values of the heat rise Θ∞ corresponding to a case where 
all the heat originating in the element is transferred into surrounding medium are needed 
to be considered as fictive. That why they can take values considerably higher as the 
allowed heat rise of the element. The real values of the heat rise represent the values Θ1 
and Θ2 at the entry and exit of the Π−network. They can be determined only by solving 
the whole thermal network. Similar as for the free of losses bars, the extreme cases of 
the bar with losses are thermally short and thermally long bars. .The equations for them 
are the same and the equivalent diagrams differ only in the heat rise Θ∞ of the ends of 
the branches. By branches with losses the heat rise Θ∞ is determined by equation: 
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Fig. 3.12 Bar 
 
1 2
1
T Tt
Q
R R
Θ Θ Θ
∞
−
= +
ℓ
 (3.45.) 
 
1 2 2
2
T Tt
Q
R R
Θ Θ Θ Θ
∞
− −
= +
ℓ
 (3.46.) 
 
2 2
0 0 00 0 0
qS S R IρσΘ
α α α∞
= = =
ℓ
 (3.47.) 
Thermally short bar with losses 
 << 1lβ  (i.e. for value 0,1 and smaller)  
 
Fig. 3.13 Π−network 
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Thermally long bar with losses 
1β >>ℓ  (i.e. for value 10 and bigger) 
 TR → ∞ℓ
0
1 1
0
Tt
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R
Sδ α λ
≈ =  (3.50.) 
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Fig. 3.14 Crosswise thermal resistance 
The bars with losses of a constant cross section and finite length 
 
Fig. 3.15 Crosswise thermal resistance 
 
1
tghTch p
R δ β≈ ℓ   (3.51.) 
Triangular cooling fin 
 
Fig. 3.16 Triangular cooling fin 
 ( )1Tch tR f
ab
ξλ=  (3.52.) 
 
022
a
αξ λ= ℓ  (3.53.) 
Thermal resistance of a cooling fin with parabolic profile 
 
Fig. 3.17 Cooling fin with parabolic profile 
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Cooling fin with trapezoidal cross section 
 
Fig. 3.18 Cooling fin with trapezoidal cross section 
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Annular plate 
 
Fig. 3.19 Annular plate 
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Metal element of nondescript shape 
Let’s take an element of nondescript shape, which has all three dimensions of the same 
order size, eventually it’s dimension the direction of the heat flow is smaller than the 
other two dimensions. In this case it is not possible to use the same simple mathematic 
description and equivalent diagrams as in above mentioned examples. In this instance 
the thermal resistance of the very element is omitted (RT ≈ 0), the resistance is 
insignificantly small because of the high value of heat conductivity factor of metals and 
the actual size of the element. An element with losses (I > 0), transferring the heat from 
his surface either directly into surrounding medium (αo) or via the insulated layer (αon), 
is in thermal network’s relevant node represented by direct inflow and crosswise 
thermal resistance RTch; see Fig. 3.20. The concentration of the heat losses is done by the 
same method as used by crating equivalent electrical network of an electrical machine. 
The value of the crosswise resistance RTch, describing the removal of the heat through 
cooling, is determined only by the resistance of the heat transfer from surface to 
surroundings. 
RTch
Q1
1x=0
 
Fig. 3.20 Crosswise thermal resistance 
 
1
Tch
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These alternatives can occur: 
a) The body with losses is built in into the construction with regard to 
adjoining elements of current path in such a way, that the transfer of heat 
from the surface is not possible. The resistance RTch in the diagram in Fig. 
3.20 ceases to exist and only inflow Q1 remains. 
b) The body free of losses (I = 0) connects crosswise with the current path 
and all the inflowing heat Q1 is transmitted from the body’s surface into 
surrounding medium. This is an equivalent of a cooling member. In the 
diagram in Fig. 3.20 the heat inflow Q1 will disappear and only the 
crosswise resistance will remain.  
Multipole appliance in a compact design 
The calculation of the heat rise for multipole appliance in a compact design is possible 
only using the grid thermal networks. So as to possibly apply the single ordered method 
for these appliances, it is necessary to implement some assumption, or more simplifying 
circumstances. That means bringing an error into the calculation. In order for the error 
not to negatively influence the calculation, the error must be as small as possible and by 
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all means positive. In such a case, the result of the calculation; the heat rises; will be 
higher than reality. The appliance will be slightly over dimensioned, but safer in 
operation. The simplifying circumstances for the calculation are as follows: 
− The calculation is carried out only for one inner pole, which cooling conditions 
are the worst 
− The heat rises of the same current path but other phase are considered the same. 
Between the poles rise no heat flow, the areas in between poles are not the 
cooling areas. 
− For every section of the current path we allot individual part of the cooling 
surface and an individual space for heat flow between the conductor and its 
allotted cooling surface 
− The heat flows exiting from different sections of the current path do not 
intersect. 
Solving the single order thermal network 
 
Fig. 3.21 Crosswise thermal resistance 
By serially connecting the substitution diagrams of the individual components we create 
the resulting thermal network of the current path in electric appliance. The network, 
always ending on both sides with the supply connection, i.e. crosswise resistance 
according to Fig. 3.21 is an analogy to an electrical network. The base for mathematical 
description is the node equation (analogy to I. Kirchhoff’s Law), saying that the sum of 
the heat flows in the node equals zero Σ Qi= 0. The unknown and sought quantity is the 
heat rise in the node. For the n nodes, i.e. for n unknowns, we have n nodal equations at 
the disposal, which means a solvable equation system. Beside the classical methods for 
solving the equation system the single order thermal network allows another method of 
solution, called a method of third value. This stem from the fact, that all the parameters 
of the network RT, Q and Θ∞ are for the calculation itself constant and the necessary 
mathematical operations are just multiplication and adding. Due to this fact the change 
of the ingoing heat rise leads only to linear change of the heat flows and heat rises in 
every location of the network. 
By the calculation we follow this procedure: we select a heat rise Θal of the one end of 
the network and we calculate the flow through the crosswise branch of the (thermally 
long) supply connection using this equation 
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Q
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Θ Θ
∞
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=   (3.62.) 
and with help of the nodal equation Σ Qi= 0 the heat flow through lengthwise branch 
from adjacent node. The heat rise of the node will differ from the heat rise of the end 
node (self chosen) by  Θ = Q.RTl. After determining the heat rise of the second node of 
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the network we continue to third node and so on until we reach the other end of the 
network. In case of correct value of the ingoing heat rise Θal must the ingoing resp. 
outgoing heat flow in the lengthwise branch of the input of the other side of the thermal 
network (with infinitely large resistance value) zero: Qan = 0. Very likely the first guess 
won’t be good enough and therefore Qan ≠ 0. 
It suffices to execute the above insinuated process three times. First we go through with 
the first two calculations for two different chosen values of heat rise Θal and Θbl, that 
provides us with the two values of outgoing heat flows a Qan and Qbn. The correct value 
of the heat rise at the entry Θcl, having the outgoing heat flow Qcn = 0, is determined by 
linear interpolation 
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The system of five nodal equations for a given thermal network 
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Fig. 3.22 Serial connection of the substitution diagrams for respective components 
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The eat rise of the n-node 
 
Fig. 3.23 Substitution diagram for calculation of the heat rise of the n-node 
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3.3 Cooling of a surface 
This chapter was created using mainly the literature sources [1][4][9][15][20][29][30]. 
3.3.1 Principles of cooling 
Each element that generates heat and therefore its temperature is higher than the 
temperature of its surroundings, passes the heat on to the atmosphere. It is a natural 
occurrence of cooling a warm element by air. In some cases we cool the elements by 
technical gasses or fluids. The cooling of the element by those media is only an interlink 
used when the natural surface of the cooled element is too small for direct cooling by 
the surrounding air. The coolant in such a case is led off from the surface of the cooled 
appliance into a cooler, a body with a large surface, through which the led off heat is 
passed on to atmosphere. 
The passing on of the heat from the body surface into surroundings can occur generally 
through radiation, conduction and convection. Most of the fluids basically (in 
comparison to gasses) doesn’t transmit the heat the radiation and the heat transfer 
therefore is carried out only trough conduction and convection. Conduction and 
convection are inevitably tied up together. In praxis there is a thin layer of coolant 
adjacent to the surface of the cooled body. This layer is heated up by the body, so the 
thin layer has the same temperature as the body. By heating up the fluid or gas, its 
specific volume increase, but its specific weight decrease. The difference in the weight 
in the warm and cool medium creates a lift, i.e. force (determined by Archimedes Law) 
moving the heated volume of the medium in the direction opposite to direction of the 
gravity. The heated medium starts to move upwards and into his place moves the still 
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cool medium. The process repeats itself. The gas or fluid adjacent to the warmer walls 
begins to flow and to the cooled surface arrives next amount of cool medium. The 
temperature gradient between the wall and the surroundings is still rather large. The 
flow of the coolant increases the intensity of removing heat from the surface of the 
cooled body. 
The convection assert itself fully only if the thermal capacity of the surrounding medium 
is manifold higher related to the heat transmitted by the cooled body (theoretically 
infinitely higher). If the volume of fluid or gas is relatively small and not connected to 
atmosphere, after a certain time the medium heats up to same temperature as the cooled 
surface and this cooling phenomenon will almost cease to exist. 
The effects of conduction and convection in fluids and gasses are impossible to separate, 
it is therefore necessary to study these effects together. But because the effects of 
convection generally predominate over conduction effects, we simplify and speak only 
about convection. By electrical appliances in general it is mostly natural convection, 
induced by the above mentioned lift effect. Less common is the forced convection, 
where the air circulation is caused artificially by excess pressure created by rotary or 
piston-type compressor. 
The concurrence of radiation, conduction, convection and influences of different states 
and shapes of the cooled body surface results in the fact that transmitted heat is not 
anymore directly proportional to the difference in temperatures as it is in the solids. The 
relations and dependences are more complicated, or the combination of the various 
effects brings nonlinear members into the relations. But if we consider the heat transfer 
with a small temperature difference as it is the case by small electrical appliances of Y 
till H class, for the calculation of the specific cooling power α0 suffice to use substitute 
linear relations instead of the real ones. Mostly they are empiric equations, in case of 
gasses including the radiation as well. The equation 
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called often a Newton’s Law for heat transfer Q from body surface into surroundings 
 0Q PΘα=  (3.71.) 
remains therefore valid, taking into account the fact that the specific cooling power α0 is 
not a pure constant of direct proportionality anymore, but a temperature dependent 
coefficient α0 = f(T) 
3.3.2 Radiation 
Radiation in a free space 
Under the concept of radiation is understood the emitting of electromagnetic waves with 
the wave length slightly larger than the visible spectrum, i.e. infrared waves. This 
thermal radiation spread into space directly from the surface of each body. Let’s 
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consider a plane plate with the surface area P [m2], having everywhere the same 
temperature T [K], that is radiated into a free space with temperature 0 K creating a heat 
flow Qz [W]: 
 
-8 45,7.10z zQ  = E PT  (3.72.) 
This is the Stefan-Boltzmann’s Law. The constant 5,7.10-8 W/m2 K4 of ideal black body 
is called Stefan-Boltzmann constant and Ez is the emissivity, the factor describing the 
radiation from the non ideal black body’s surface in comparison with ideal black body. 
The emissivity of an ideal blackbody is 1, for all other surfaces is Ez < 1. The value 
depends on quality, color and temperature of the surface. It varies between cca. 0,02 for 
mirror quality polished metal surfaces and 0,98 for matting black surface. The 
orientation values of emissivity for some surfaces by temperatures between 20°-100°C 
are listed in Tab. 3.1. 
Radiation as an effect is a transformation of part of inner (thermal) energy into radiation. 
Simultaneously with this effect the reverse effect occurs. If a thermal radiation strikes 
upon a body, the energy of a striking electromagnetic wave is turned into heat. The 
transformation of heat into radiation is called emission, the transformation of radiation 
into heat absorption. If the radiation with the energy Q strikes upon the body, not all the 
energy contained in the radiation turns into heat. Only a part ApQ turns into heat, part 
RpQ is reflected back to space and part DpQ passes through the body without any 
change. Schematically is the process introduced in Fig. 3.24. 
From the equation of energy equalities 
   p p pA Q R Q D Q Q+ + =  (3.73.) 
stems out 
 1p p pA R D+ + =  (3.74.) 
Tab. 3.1 The emissivity values for few sorts of different materials 
Material Surface Ez 
Aluminum Polished and clean, matting and smooth, 
oxidized 
0,04 0,06 0,1-0,2 
Copper and non-
ferrous metals 
Half glossy and clean, matting and 
smooth, oxidized 
0,06, 0,15-0,20, 0,6-0,8 
Steel Polished, machined, clean and 
machined, oxidized 
0,15, 0,3, 0,7-0,8 
Grey cast iron machined, clean and machined, oxidized 
and rough, oxidized 
0,6, 0,7-0,8, 0,9-0,95 
Paint Aluminum paint, according to AI 
content white, 
Glossy colored, glossy black 
Glossy colored, matting black  
matting 
0,3-0,7, 0,8-0,85,  
 
0,85-0,9,  
0,9, 0,9-0,95,  
0,95-0,98 
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Material Surface Ez 
Rubber rubbed 0,9 
Glass Smooth 0,9 
Porcelain Glazed 0,9 
Wood Planed 0,8-0,9 
Sheet steel Galvanized and oxidized 0,3 
 
Fig. 3.24 Distribution of energies by an impact onto a surface 
In the dimensionless equation Ap is relative heat absorption, Rp is relative thermal 
reflectance. The third member Dp represents relative diathermancy of the body. The 
three quantities can generally take the value between null and one. 
If Ap = 1, then necessarily Rp = Dp = 0. The whole incident energy is absorbed by the 
body. Such a body is called ideal black body. If Rp = 1, then again Ap = Dp = 0. Means 
the surface of the body reflects all the incident energy. If the reflection complies with 
the laws of geometrical optics, the surface is of a mirror character. If the rays are 
reflected in all directions, the surface appears to be (from the point of visible spectrum 
of radiation) white. Finally if Dp = 1 and Ap = Rp = 0, all the incident energy passes 
through the body as if didn’t exist. Such a body would be ideally diathermal. The ideal 
black, white or diathermal bodies don’t exist. The ideal diathermal body wool consists 
of perfect vacuum. Rather diathermal are the two atom gasses as nitrogen or oxygen. 
The air has same diathermal ability, if it is not full of steam or mechanical impurities. 
The solid bodies and fluids are in most cases not diathermal, Dp = 0. Then applies: 
 1p pA R+ =  (3.75.) 
From the formulation stems out that a body with a surface capable to reflect heat doesn’t 
absorb heat very good ant the other way around.  
The size of the values for these relative factors depends beside above mentioned 
temperature and surface’s properties on the frequency of the electromagnetic radiation. 
The white surface reflects rather well the visible part of emitted spectrum. The colored 
surface reflects only the rays with the frequency corresponding to its own color. For 
infra red i.e. thermal radiation the difference between white, colorful and black surface 
almost ceases to exist. The surfaces absorb the radiation approximately the same, 
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independently of the color. Of bigger influence than color is in this case the roughness 
of the surface. The reflectance of the smooth and polished surfaces is considerably 
larger then of the rough surfaces, as implies Tab. 3.1. Because there is no significant 
difference between surfaces of different colors and even black colored surfaces never 
absorb all of the incident radiation, we call these bodies from thermal point of view 
grey. 
Kirchhoff proved that for energy QA a body of surface area P and zero temperature is 
capable absorbing from surroundings of temperature T, applies formally the same 
equation as for energy Qz emitted from the body’s surface P with temperature T into 
surroundings with zero temperature. 
 
8 4 8 4
p5,7.10 5,7.10A z zQ A PT Q E PT− −= = =  (3.76.) 
Considering this fact, the relative heat absorption Ap of a given surface is numerically 
equal to a thermal reflectance Ez 
 p zA E=  (3.77.) 
A gas of a certain temperature (speaking of molecules of the gas) is the same emitter as 
a surface of a solid body or fluid’s surface. If there is a body with surface area P and 
temperature T [K] in a large space with temperature T0 < T, then it emits heat flow Qz 
 
8 45,7.10z zQ E PT−=  (3.78.) 
and simultaneously absorb from surroundings a heat flow QA 
 
8 4
p 05,7.10AQ A PT−=  (3.79.) 
Because Ap = Ez, looses the body’s surface P during a time unit in reality only heat flow: 
 ( )8 4 411 05,7.10z A z zQ Q Q E P T T−= − = −  (3.80.) 
The specific cooling power of the cooled surface into free αz space can be determined 
by comparison with general Newton’s Law  
 ( ) ( )8 4 4 4 40 05,7.10z z z zQ E P T T P P T Tα Θ α−= − = = −  (3.81.) 
From there 
 ( )( )8 2 20 05,7.10z zE T T T Tα −= + +  (3.82.) 
The behavior of the specific cooling power αz for Ez = 1 and the temperature of 
surroundings T0 = 0, 20, 40° C and heat rise between 0°C and 120°C is to be seen in 
Fig. 3.25 drawn in full line. It is clear that the curvature of the cubic lines is slight. 
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Fig. 3.25 The specific cooling power αz for Ez = 1 and temperature of surroundings 
T0 = 0, 20, 40° C and heat rise from 0°C to 120°C 
That why we can in this temperature interval substitute the cubic curves by a straight 
line (in Fig. 3.25 marked dashed), which common equation is  
 ( )0 04,6 0,06 0,034 0,0002z zE T T Tα ≈ + + +    (3.83.) 
The maximum error of the substitution equation is in interval T0 ∈<0, 40° C>, T ∈<0, 
120° C> smaller than ± 3 %. By calculation of cooling a body through radiation we have 
to take into account another two facts: the shape of the body’s surface and configuration 
of the surrounding space. 
We can regard the factual geometric surface of the body as an area P (from following 
equations) 
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 ( )8 4 411 05,7.10z A z zQ Q Q E P T T−= − = −  (3.85.) 
Thermal calculation of rotational electrical machines using thermal network 
- 33 - 
only in case that it is everywhere convex, or at least planar.  If the radiating surface of 
the body is caved-in, concave, a part of the radiation lands back onto the own body 
surface again and the effective surface Pz is smaller than geometrical surface of the body 
P. In this case we use for the calculation only the (simplified) envelope, always the 
convex or planar surface in direction of radiation. The typical example of the difference 
between the real surface of the body P and the surface effective for the radiation Pz is an 
element with cooling fins, indicated in Fig. 3. 
Geometrický 
povrch P
Povrch Pz účinný 
pro sálání
 
Fig. 3.26 Element fitted with cooling fins 
Until now the mentioned equations for transfer of heat into surroundings through 
radiation assumed a completely free space around the emitter. In reality it is quite 
common to fins another radiating bodies or the radiating body is enclosed in the space 
with radiating walls. In such a case the near bodies in part impede the free distribution 
of the waves into the whole space, in part returns the part of the emitted energy through 
reflex ion, eventually (depending on the mutual difference in their temperatures) transfer 
the part of their own emitted heat flow to the observed emitter. Each of the possibilities 
decreases the effectives of cooling via radiation. In such case we have to alter the 
equations 
 ( )8 4 411 05,7.10z A z zQ Q Q E P T T−= − = −  (3.86.) 
 ( )( )8 2 20 05,7.10z zE T T T Tα −= + +  (3.87.) 
and implement the factor for decreasing the heat flow, resp. cooling power kz < 1. 
Radiation in a restricted space 
The transfer of heat through radiation is a very complicated effect of slowly dampening 
out reflexion and absorption. Part of the body’s emitted energy is reflected by nearby 
bodies and returned back to it. A part from this returning amount is absorbed by the 
surface of the body and another is reflected again on the same path as before the original 
emission. This effect repeats itself with the reflected part of the radiation multiple times. 
Of course the amount of the reflected heat is gradually smaller until it subsides. That 
result in total amount of energy Qz emitted from surface P of a body of temperature T in 
a time unit consisting of two parts. One of them is the body’s own radiation Qz11, which 
Surface Pz effective 
for radiation 
P-Geometric
surfa e
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depends on the quality of the emitting surface. But simultaneously there is radiation Qz2 
from the nearby bodies and part of this radiation Ap1 Qz2 is absorbed, the other part 
(1 - Ap1) Qz2 is reflected. The sum of the body’s own radiation and reflected heat flow 
compose the effective radiation of the body Qz1 
 ( ) ( )1 11 1 2 11 1 2 11 21 1z z p z z p z z z zQ Q R Q Q A Q Q E Q= + = + − = + −  (3.88.) 
Let‘s consider the amount of heat Qz2 transferred between two planes 1 and 2 of the 
same size and temperatures T1 > T2 (Fig. 3.27) 
1zQ 2zQ
2
2
zE
T
1
1
zE
T
〉
=
1 2
1 2
T T
A A
 
Fig. 3.27 Two planes of the same size 1 and 2 with temperatures T1 > T2 
 12 1 2z z zQ Q Q= −  (3.89.) 
 12
1 2
1
1 1 1
z
z z
E
E E
=
+ −
 
(3.90.) 
 ( )8 4 412 12 1 25,7.10z zQ E P T T−= −  (3.91.) 
where Ez12 is the resulting emissivity factor for the transfer of heat between the two 
planes, Qz1 is effective radiation of the plane 1 and similarly Qz2 effective radiation of 
plane 2. If the surface P2 surrounds the smaller surface P1 (Fig. 3.29), then the energy 
radiating from surface P2 transfer to P1 only partially. The rest of the radiation misses 
the smaller surface and falls back onto the surface P2, even though in a different point. If 
the smaller surface P1 has a higher temperature T1, then we can come to conclusion that 
the emissivity factor is described by equation3.92. The graphic relation between Ez1 and 
its components Ez1 and Ez2 is pictured in Fig. 3.28. 
 
 12
1
1 2 2
1
1 1 1
z
z z
E
P
E P E
=
 
+ − 
 
 (3.92.) 
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Fig. 3.28 The graphic relation between Ez1 and its components Ez1 and Ez2  
This relation is generally valid for bodies of random shapes, if one of them is smaller 
and its surface consists of convex or planar surfaces. And for a case in accordance with 
Fig. 3.29, only when they create an enclosed space. 
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Fig. 3.29 Area P2 encloses smaller area P1 
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Shielding by surrounding bodies 
The above mentioned equations used for calculation of the outer surface of the body 
through radiation apply only for the ideal case of the infinite large space filled with air 
without any other bodies, or for (unrealistic) case of heat emitting body enclosed in 
space with ideal black walls. That’s why we must amend the equations with a factor 
Kz<1. The exact calculation of radiated heat is possible only for simple geometric 
shapes. But because we in thermal calculations commonly encounter situation, where 
the determination of the shielding factor is of limited accuracy, the exact calculation of 
radiation wouldn’t be meaningful. By analyzing the already derived relations we can 
relatively exact establish simple substitute calculation procedures. 
For the calculation of electrical machines with inner cooling system is radiation as a 
cooling art almost insignificant, especially in comparison with the influence of the inner 
cooling system. The influence of nearby standing other bodies is by most calculations 
neglected. 
For machines with a surface cooling is the influence of convection again many times 
higher than cooling of the surface via radiation, especially by machines with forced air 
flow along the motor’s casing. 
3.3.3 Convection 
In heat transfer via convection the crucial part is the fluid flow. The term fluid takes in 
both liquid as well as gas. This generic name is used because the physical principle of 
the convection ant therefore the heat transfer through the medium of gas or liquid is 
basically the same. The most common fluids used in electrical engineering are in the 
first place air, some gasses as SF6, transformer – i.e. mineral oil, eventually water. The 
intensity of heat transfer changes in individual fluids slightly. The change depends on 
the physical properties of the fluid. Of imminent influence are:  
− specific weight (density)   s (kg.m-3) 
− specific heat (specific)   ch (m2 s-2 K-1) 
− thermal conductivity    λ (m kg s-3 K-1) 
− dynamic viscosity   η (kg s-1 m-1) 
− kinematic viscosity   ν (m2 s-1) ν=η/s 
Those quantities are different for each fluid. In addition they are mostly dependent on 
temperature, some of them even on pressure. But in some cases, especially for the first 
approximation we neglect these dependencies and take those quantities as constants. 
The fluid flow may according to circumstances proceed in different ways. Generally we 
discern two extreme states of fluid flow: laminar and turbulent flow. By laminar flow 
the particles of the fluid move parallel to walls conducting the fluids. By turbulent flow 
the movement of the particles is chaotic, disarranged. The fluid swirls. The transit from 
one state to another happens, when the mean velocity of the flow is equal or higher than 
critical speed. This critical speed is not a constant, but changes its value depending on 
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the different fluids and different geometrical conditions. The value of critical speed vk is 
determined by dimensionless number called Reynolds number Re 
 Re kv h
ν
=  (3.93.) 
In the equation h means characteristic dimension for the space the fluid flows. For 
example for cylindrical pipe with the inner diameter d is h = d, Re ≈ 2000. For 
Re < 2000 exists in such a pipe only laminar flow. Over this limit the flow doesn’t 
immediately change into turbulent flow, but with increasing value of Re the turbulence 
sets in only in some parts of the pipe, and first later spread into the whole cross section 
of the pipe. According to nature and character of the fluid this partly turbulent state can 
change into fully turbulent as high as by Re ≈ 10 000. Schematically are those three 
states depicted in Fig. 3.1, including the graph of velocity along the pipe cross section. 
d
  
 
Fig. 3.30 To explain the laminar ad turbulent fluid flow 
In both cases the speed of fluid right next to the pipe wall is zero (as a result of friction), 
in radial direction then the speed increases and the highest value reaches in the centre of 
the pipe. If we imagine the stream as a pack of single stream threads that slide against 
each other, then owning to viscosity (i. e. inner friction in the fluid) the shear stress 
between the adjacent threads occurs. The result of this is the increasing resistance in 
direction to the walls and by contrast increasing speed of the threads in direction to the 
axis of the pipe. By laminar flow is the velocity distribution in the cross section 
parabolic. By a turbulent flow the particles beside of the movement in the direction of 
the flow move randomly in all other directions. Because of this the particles mingle. The 
direct result of this is the steep increase in velocity nearby the walls and relatively little 
difference in speed in the predominate area in central section of the pipe. But even by 
turbulent flow not all the mass of fluid in eddy motion. On the wall containing the 
stream a permanent thin layer occurs, of thicknessδ, where due to the friction is the 
laminar character of the flow preserved. The thickness of this layer depends on mean 
velocity of the flow, with increasing flow velocity the layer gets thinner. It is called 
boundary layer. 
Direction of the flow
Direction of the flow 
Laminar flow 
Turbulent flow 
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Natural convection 
Q
hδ
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Fig. 3.31 The distribution if the velocity by turbulent flow 
By heat transfer via convection the decisive importance goes to fluid flow. Generally we 
recognize two extreme states of the flow: laminar and turbulent. By laminar (slow) flow 
the individual particles move parallel to the walls containing the flow (Fig. 3.30). By 
laminar flow the heat is transferred through conduction. The operative quantity in this 
case is the thermal conductivity of the fluid. The distribution of the particle’s velocity 
through the cross section is parabolic with the maximum speed in the channel’s axis a 
zero speed by the pipe’s wall. By turbulent (fast) flow is the particles’ movement 
chaotic. The fluid swirls in the whole volume except for the thin layer (thickness δ) of 
fluid directly adjacent to the pipe wall, where the heat transfer occurs via conduction, 
typical for laminar boundary layer. Because in the turbulent core of the flow the 
particles swirl rather intensively, the heat transfer is intensive as well. In this state the 
amount of transferred heat (during a unit of time) is influenced basically only by the 
thermal resistance of the boundary layer that overweighs greatly the thermal resistance 
of the turbulent core of the flow. The distribution of the temperature in the fluid is 
depicted in Fig. 3.31. The largest temperature gradient occurs in the thickness d of the 
boundary layer.  
The convective heat transfer is obviously a rather complex process dependent on the 
nature of the flow (turbulent, laminar) where the effect of conduction cannot be 
vanished. The transition from one extreme state to another is gradual and depends on the 
flow velocity, therefore on the temperature difference between the cooled pipe wall and 
mean temperature of the coolant Tav. 
Through a comparison of theoretical speculations and results of experiments the general 
equation was found out. This equation consists of three dimensionless terms that 
characterize the fluid flow. 
 
3
2
k o h
k
h g h cC
v
α
α β ∆Θ η
λ λ
 
=  
 
 (3.94.) 
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These terms are called according to custom of hydrodynamics (from left to right) 
Nusselt, Grasshoff and Prandt number and are represented by symbols Nu, Gr, Pr. The 
above equation can be rewritten is shortened way: 
   (  . Pr)  kNu C Gr α=  (3.95.) 
In the equation, αk (W/m2 K) is heat-transfer coefficient, g (m/s2) gravitational 
acceleration, P (K-1) coefficient of volumetric thermal expansion, ch (J/kg K) specific 
heat capacity (volumetric), η (Pa. s = N. s/m2) dynamic viscosity, ν (m2/s) kinematic 
viscosity and h (m) characteristic dimension of the cooled formation. The measurements 
showed, that the equations with exponent α = 0,25 and factor Ck = 0,54 are generally 
valid in the interval (Gr.Pr)∈<5.102; 2.107>, where the flows turn from laminar into 
turbulent flow. It is the interval that is needed for calculating electrical machines using 
natural convection as a cooling method. The shape of the formation‘s surface is 
insignificant for application of this term. Because physical properties of fluids are 
dependent on temperature that changes rather quickly especially near the cooled surface, 
it is necessary to use the mean value of the temperature Tav between the temperature of 
the wall T1 and temperature of the fluid T0 in sufficient distance from the cooled surface. 
 1 00,5 (  ) avT T T= +  (3.96.) 
Regarding the cooling using air as coolant in interval given by the norms for electrical 
machines, it is easier to work with derived equation. This equation explicitly use the 
heat-transfer coefficient and properties of air are set in for atmospheric pressure and 
mean temperature Tav ≈ 65 °C, both included in the factor Ck. After this stays under the 
exponent 0,25 only the heat rise T and characteristic dimension h. For h < 0,3 m the 
equation has this form: 
 
4
k k
hC
h
∆
α =  (3.97.) 
For h > 0, 3 m we near to the upper boundary of the determined interval (Gr. Pr), resp. 
even behind it. After this the influence of the characteristic dimension of the formation 
cease to exist and the equation simplify itself. 
 
4
k kCα Θ=  (3.98.) 
For an example of horizontal cylinder with the diameter d = h ≤ 0,3 m, short vertical 
plane, narrow horizontal plane cooled from bottom to top (h < 0,3 m) and broader 
horizontal plane cooled from top to bottom (h > 0,3 m) is Ck ≈ 1,8, for a broad 
horizontal plane cooled from bottom to top is Ck ≈ 2,5 and for narrow horizontal plane 
cooled from top to bottom is Ck ≈ 0,6. For planes diverted from vertical by angle 
ϕ < 80° and cooled from top to bottom it is necessary to multiple the term by (cos ϕ 
)0,25. 
If the coolant is a liquid and if it is of such of a nature to be able to take over all the heat 
produced in the cooled formation without changing its mean temperature, the equations 
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4
k k
hC
h
∆
α =  (3.99.) 
and 
 
4
k kCα Θ=  (3.100.) 
remains in effect, provided the value of the constant Ck is adjusted. For transformer oil 
it is with satisfactory accuracy possible to write 
 ( )13 0,12kol kvzC CΘ≈ +  (3.101.) 
for water 
 ( )110kol kvzC CΘ≈ +  (3.102.) 
It is evident that in the interval of the most common heat rises the cooling power of oil 
is approx. twenty times higher and cooling power of water two hundred times higher 
than air. The values for air and oil are listed in Tab. 3.2. 
Natural convection in limited space 
The flow in an enclosed space has a big influence on its thermal resistance. If the heat 
flow permeates through the fluidic layer in direction toward the boundary between 
structure and air, we determine an improved (equivalent) conductivity of the medium 
 ek kλ ε λ=  (3.103.) 
For the improvement factor εk and heat-transfer coefficient λek ensued on number of 
measurements of different forms filled with variety of liquids and gasses following 
relation 
 ( )0,250,18 .Prk Grε =  (3.104.) 
If (Gr , Pr) < 103, is εk = 1. The characteristic dimension in Grashoffer number would be 
in this case the width δ between the pipe walls with different temperature (δ ≡ h). The 
properties of the fluid are inserted for mean temperature  
 1 00,5 (  ) avT T T= +  (3.105.) 
where Tl and T2 are the temperatures of the opposed walls of the pipe in the direction of 
the heat flow. If we dissect the term for equivalent thermal conductivity with help of 
these equations  
 ( )0,250,18 .Prek k Grλ ε λ= =  (3.106.) 
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β ηλ λ Θ δλ
 
=  
 
 (3.107.) 
we can rewrite it in simpler way 
 ( )0,250,75 0,25 0,75 1 2ek k kC C T Tε ελ δ Θ δ= = −  (3.108.) 
where Ckε is the fluidic constant by given temperature Tav. In Tab. 3.2 are listed the heat-
transfer coefficients λ and fluidic constants Ckε for air, transformer oil and water. 
 
Tab. 3.2 Heat-transfer coefficients and fluidic constants for air, transformer oil and 
water 
Fluid Tav (°C) 10 20 30 40 
Dry air 0,1 MPa 
λ. (W.m-1.K-1.) 0,025 0 0,025 8 0,026 5 0,027 3 
Ckε 0,475 0,470 0,465 0,461 
Transformer oil  
λ (W.m-1.K-1) 0,126 0,125 0,124 0,123 
Ckε 6,65 7,46 8,11 8,88 
Water 
λ (W.m-1.K-1) 0,578 0,597 0,615 0,628 
Ckε 68,8 74,8 80,2 84,9 
Fluid Tav (°C) 50 60 70 80 
Dry air 0,1 MPa 
λ. (W.m-1.K-1.) 0,028 0 0,028 8 0,029 5 0,030 2 
Ckε 0,457 0,453 0,449 0,445 
Transformer oil  
λ (W.m-1.K-1) 0,122 0,122 0,121 0,120 
Ckε 9,57 10,33 10,89 11,53 
Water 
λ (W.m-1.K-1) 0,614 0,651 0,661 0,668 
Ckε 89,3 93,5 96,9 100,0 
In case of conductor with an interlayer filled with gas (most common air) the 
conductivity of medium increases by the influence of radiation. In order to simplify the 
calculation of resulting conductivity we proceed as follows: as the basal heat transfer 
effect we choose convection and define the effective coefficient of thermal conductivity 
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λef that is used to transpose radiation onto conduction. The equation differs in 
dependence on the geometric shape of the space. 
A). Planar layer with surface area P and constant thickness δ  according to Fig. 3.32.  
The heat flow Qk transferred via convection through enclosed space of thickness δ filled 
with gas by temperature difference 
 1 2Θ Θ Θ= −  (3.109.) 
is: 
 
ek
k
T
Q P
R
λΘ Θδ= =  (3.110.) 
The heat flow Qz transmitted between walls P1 = P2 of the same space via radiation  
 ( )8 4 412 1 25,7.10z zQ E P T T−≅ −  (3.111.) 
 
Fig. 3.32 Planar layer with surface area P and constant thickness δ 
The total transferred heat flow  
 k zQ Q Q= +  (3.112.) 
by the resulting (effective) heat transfer coefficient λef will be 
 ( )8 4 412 1 25,7.10ef ek zQ P P E P T Tλ λΘ Θδ δ −= = + −  (3.113.) 
Ensuing on 
 ( )( )8 2 212 1 2 1 25,7.10ef ek z ek zE T T T Tλ λ δ λ α δ−= + − − = +  (3.114.) 
B). Cylindrical layer according to Fig. 3.33 with diameters r1 and r2, surface areas 
Pl < P2 and temperature T1 > T2. 
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Fig. 3.33 Cylindrical layer 
For transfer of heat in radial directions these equations hold true  
 ( )( )8 2 212 1 2 1 25,7.10ef ek z ek zE T T T Tλ λ δ λ α δ−= + − − = +  (3.115.) 
 
2
1
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hpiλ=  (3.116.) 
 ( )8 4 412 05,7.10z zQ E P T T−= −  (3.117.) 
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 (3.118.) 
so that for resulting heat flow  
 k zQ Q Q= +  (3.119.) 
we can write  
 
( ) ( ) ( )1 2 1 2 8 4 412 1 1 2
2 2
1 1
2 2
5,7 10 2
ln ln
ef ek
z
h T T h T TQ E r h T T
r r
r r
pi λ pi λ
pi−
− −
= = + ⋅ −  (3.120.) 
The effective thermal conductivity coefficient of the cylindrical layer will be  
 
2
1
1
lnef ek z
r
r
r
λ λ α= +  (3.121.) 
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Cooling via convection in a restricted space  
The restriction or complete closure of the space with occurring fluid flow has a 
significant influence. If we contemplate a narrow channel of width δ with vertical walls, 
opened on both sides, the equation for cooling power mentioned above remains valid 
only when the width of the channel is safely larger than the sum of both boundary layer 
thicknesses on the opposing walls. If the width of the channel is smaller, the boundary 
layer receiving the heat from walls via conduction interfere one with the other. The 
efficiency of the cooling process decreases, especially in the upper part of the channel. 
We can assume for laminar to turbulent flow in the first approximation that the thermal 
resistance RT of the heat transfer from surface P (unit value) into the fluid is determined 
by the thermal resistance of the boundary layer with properties: thickness δh, surface P 
and specific thermal conductivity λ.Then is possible to write: 
 
1 1 h
T
k
R
P P
δ
α λ= ≈  (3.122.) 
In praxis we can say that a channel of width δ ≤ 2δh doesn’t cool down. By the width 
δ ≈ 3δh only one wall of the channel is involved and only by width δ ≤ 4δh both wall of 
the channel are involved in the cooling process. 
In case of completely sealed spaces is the heat is transferred between the walls in 
essence only via conduction. Under certain conditions a permanent circulation can occur 
and therefore the heat transfer coefficient rather improves. In case of horizontal channel, 
where the deck wall if warmer than the floor wall, there is no circulation. In the reversed 
case, depicted in Fig. 3.34, there will be both upward (as a result of the heating) and 
downward (as a result of cooling) local enclosed circulation. In vertical channels the 
situation depends on the cannel widthδ. If δa  >> 2 δh, an upward flow comes to being on 
the warmer wall, downward one on cooler wall. This is depicted in Fig. 3.35 a). By a 
narrower channel δb (δa<δb) the both directions influence each other and the flows break 
down to fractional circulations approximately as indicated in Fig. 3.35 b). The situation 
by heat transfer across such kind of spaces is showed graphically in Fig. 3.36 and 
analytically in the equation: 
 1 2
1 2
1 1
T
QT T QR
P
δΘ
α λε α
 
= − = = + + 
 
 (3.123.) 
In the equation the α1 is the heat transfer coefficient in the boundary layer δh1 from 
surface P to the fluid on the entry side, λ is the (basic) thermal conductivity of the fluid, 
ε the coefficient of convective increase of the conductivity λ, α2 the heat transfer 
coefficient in the boundary layer δh2 from fluid to the surface P on the exit side. The 
situation is rather complicated and separate assessment of individual parameters α1, α2 
and ε is quite problematic. 
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Fig. 3.34 An example of local flow 
 
Fig. 3.35 An example of formation of local circulation in a wider and narrower 
channel 
In this situation having the two effects cooling and heating in the enclosed space, both 
dependent on the shape of the space and other conditions, there is no sense using 
analytical formulas in terms of 3.123. Therefore to provide for the calculation heat 
transmission in enclosed space, based on results of many experiments, the equivalent 
thermal conductivity λe has been introduced. That relates to basal static thermal 
conductivity of the same fluid λ in their mean temperature value by a dimensionless 
convection coefficient εk (εk > 1). 
 e kλ ε λ=  (3.124.) 
Even in the enclosed space the heat transfer take place as convection. It is induced by 
lifting force of differently warm fluids in the location and inhibited by the inner friction 
of the fluid. The flow is characterized by the product of Grasshoff and Prandt numbers 
and the convection coefficient is therefore a function of the same argument 
 ( Pr)k f Grε = ⋅  (3.125.) 
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Fig. 3.36 An example of heat transfer across a channel 
 
Fig. 3.37 The dependency of the convection coefficient on the argument Gr.Pr; real one 
and approximated by equation 3.126. 
From the measurements of different researchers stems out following: for planar and 
annular cylindrical enclosed spaces (both horizontal and vertical) or for in-between 
spherical spaces filled with different sorts of fluids, lay the value for εk with a slight 
dispersal on the curve (displayed in Fig. 3.37), which can be approximated for 
(Gr .Pr) ∈ <103,1010> by equation 
 
0,250,18( Pr)k Grε ≈ ⋅  (3.126.) 
similarly as convection heat transfer in a free space. 
For (Gr .Pr) < 103 is εk = 1.The characteristic dimension in Grasshoff number is the 
width of the channel between wall with different temperatures: h≡δ. The properties of 
fluid are inserted for a mean temperature Ts = 0,5 (T1 + T2), where T1 and T2 are 
temperatures of the opposite (in direction of the heat flow) channel walls. 
EQUATION 
REALITY 
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Fig. 3.38 Dependency graph of fluid constant on mean temperature; for air, oil and 
water 
If we itemize the equation for equivalent thermal conductivity with help of above 
mentioned equation, we’ll get in the end: 
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 
= ⋅ =  
 
 (3.127.) 
that can be simplified into this form 
 ( )0,250,75 0,25 0,75 1 2e C C T Tε ελ δ Θ δ= = −  (3.128.) 
where Cε is the fluidic constant for a given mean temperature Ts. In Tab. 3.2 are 
published the values for heat conductivity and fluidic constant  
 ( )0,25 0,5 0,250,18 o hC g cε λ β η ν λ− −=  (3.129.) 
for air, water and transformer oil, the graphical dependency of fluidic constant on mean 
temperature is depicted in Fig. 3.38 
Natural convection in free space 
The value of the cooling power αk for the heat transfer from wall into free space via 
natural convection is calculated according to formulas in Tab. 3.3, choosing the one best 
corresponding to shape of the formation. For the wall diverted by angle ϕ from the 
vertical, the corresponding formula for the vertical wall will be multiplied by coefficient 
Air 
Water 
Oil
Water
Oil 
Coil Cair 
Cwater
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(cos ϕ )0,25. The equations for vertical walls are valid for constellation in accordance 
with Fig. 3.39 a)-air is flowing in horizontal to the bottom of the wall and at the top 
leaves without restriction, for horizontal in accordance with Fig. 3.40a)-a sharp edge. 
The calculated cooling power is changed in case of the considered plane being a part of 
a larger formation (the characteristic dimension h changes), depending on the shape of 
the plane’s edges (round, sharp) and if the inflow  and outflow differentiate from the 
basic lay-out. There is no other way currently than for cases as for example in Fig. 
3.39b) and c) and Fig. 3.40b) to compensate the stated value of αk with a guess in 
direction of reasoning: If it is cooling of narrow, on both ends open channel, the 
equations in Tab. 3.3 remains valid only if the width of the channel is δ > 2 λ/αk. In the 
equation λ means the thermal conductivity o the air by the given temperature. In 
opposite case the methodology is the same as by calculation of cooling in enclosed 
space. To make thermal calculations a bit easier, the power dependence between cooling 
power αo and heat rise of the surface Θp is often linearized into this form: 
 o pA Bα Θ= +  (3.130.) 
Some of the linearized values for αz and αk are listed in Tab. 3.4 and Tab. 3.5. <the 
resulting cooling power can be obtained by adding of the individual components.  
 ( ) ( ) ( )0 1 1 2 2 1 2 1 2k z p p pN A B A B N A NA B Bα α α Θ Θ Θ= + = + + + = + + +  (3.131.) 
where 
 
z
z
k
PN k
P
=  (3.132.) 
Notice:  
The linearized equations for αz stem directly from the substitute formula mentioned at 
the beginning of the chapter (equation 3.130.) 
The linearized terms for αk in graphical-analytical way are to be obtained like this: in the 
interval between 5 and 80K we draw a straight line with the same maximal error to the 
original power curve. We express the straight line analytically afterwards by means of 
two points of the straight line. <that is then the reason, why the introduced equations 
remain valid only for 5K ≤ Θp < 80 K. For Θp ≤ 5K we put αk = 0,2 Θp 
 
Fig. 3.39 Examples of different lay-outs 
basic lay-out Worse cooling 
effect 
Better  
 cooling 
effect 
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Fig. 3.40 Examples of different lay-outs 
Tab. 3.3 The equation for calculation of αk for different kinds of walls and planes 
The cooled formation αk Notice 
/1/  horizontal cylinder with diameter D  
0.25
1,3k h
Θ
α
 
=  
 
 
D ≤ 0,3 m 
/2/  long vertical wall 0.251,8kα Θ=  h > 0,3m  
H
ei
gh
t o
f t
he
 
w
al
l h
 
/3/  short vertical wall 
0.25
1,35k h
Θ
α
 
=  
 
 
h < 0,3m 
H
o
riz
o
n
ta
l p
la
n
es
 
/4/  large, cooled upwards 0,250,25kα Θ=  h > 0,3m 
Sh
o
rt
er
 
sid
e 
o
f (
re
ct
an
gu
la
r) 
pl
an
e 
h 
/5/  smaller, cooled downwards  
0.25
1,3k h
Θ
α
 
=  
 
 
h < 0,3m 
/6/  large, cooled upwards 0,251,3kα Θ=  h > 0,3m 
/7/  smaller, cooled downwards 
0.25
0,6k h
Θ
α
 
=  
 
 
h < 0,3m 
Tab. 3.4 Values of αz 
The cooling power via 
radiation αz 
Conditions 
αz =6+0,037 Θp Ez=0,9; T0=35°C 
αz =6,3+0,038 Θp Ez =0,9; T0=40°C 
αz =5,4+0,033 Θp Ez =0,8; T0=35°C 
Better cooling effect Basic lay-out 
Thermal calculation of rotational electrical machines using thermal network 
- 50 - 
The cooling power via 
radiation αz 
Conditions 
αz =5,6+0,034 Θp Ez =0,8; T0=40°C 
αz =2,7+0,016 Θp Ez =0,4; T0=35°C 
αz =2,8+0,017 Θp Ez =0,4; T0=40°C 
αz =1,1+0,006 Θp Ez =0,15; T0=40°C 
 
Tab. 3.5 Values of αk 
The cooling power via 
convection αk 
Conditions 
αk=3+0,03 Θp Long vertical wall, h>0,3m 
αk=3+0,03 Θp Horizontal cylinder with diameter 
Vertical wall of height 
Horizontal wall of width 
0,3m 
αk=3,3+0,035 Θp Horizontal cylinder with diameter 
Vertical wall of height 
Horizontal wall of width 
0,2m 
αk=3,7+0,046 Θp Horizontal cylinder with diameter  
Vertical wall of height 
Horizontal wall of width 
0,1m 
αk=4,3+0,055 Θp Horizontal cylinder with diameter  
Vertical wall of height 
Horizontal wall of width 
0,05m 
αk=6+0,09 Θp Horizontal cylinder with diameter 
Vertical wall of height 
Horizontal wall of width 
0,01m 
αk=7+0,12 Θp Horizontal cylinder with diameter 
Vertical wall of height 
Horizontal wall of width 
5mm 
 
3.3.4 Summary cooling power 
By the heat transfer from the body surface into surrounding air it is not possible to 
separate convection from radiation. Both effects always appear simultaneously. That is 
the reason why it is necessary to sum both effects in the resulting heat transfer 
coefficient of the surface. Both components of the heat transfer coefficient can only be 
added up in case of identical cooling surfaces. If the cooling surface utilized for 
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radiation Ps is smaller than the effective surface of convection Pk, the summary heat 
transfer coefficient α0 is usually related to the surface cooled by convection Pk. In such a 
case we write 
 ( )0 k k k z z zP P k Pα Θ α α Θ= +  (3.133.) 
From there 
 0
z
k z z k z
k
Pk N
P
α α α α α= + = +  (3.134.) 
The term N (N≤1) express the summary corrective factor to cooling via radiation, 
caused by influence of nearby shielding bodies and eventually concave surface.  
3.4 Methods of solving a thermal network  
3.4.1 Method of nodal heat rises 
The thermal problem is formulated through partial solutions of differential equation 
(3.1.) and (3.2.) The partial derivations are substituted by differences (MFD) and the 
piecewise homogenous problem is substituted by a network with constant parameters. 
The result is then a lump parameter problem with highly nonlinear function behavior. 
This nonlinearity is caused by nonlinear thermal dependency of problem sections, such 
as equations from Tab. 3.3. For the solving of the problem the plain iteration method 
[31] has been chosen. During the iteration process the change in heat rise of a selected 
node is observed, with respect to previous iteration step k. 
 
k k 1
i i kΘ Θ ε+− ≤  (3.135.) 
where εk is an arbitrary sufficiently small number, j is the number of the network node n 
MFD model. 
The solving of linear circuit on the basis of method of nodal heat rises precede in three 
steps: 
1. One of the network nodes is chosen as a reference node, commonly listed as 
number 0. Its heat rises are considered to be equal to zero. The other, so called 
independent nodes are numbered through and the heat rises are marked in 
positive sense with regard to reference node (so called nodal heat rises) as Θ10, 
Θ20, ... Θ (n-1)0. 
2. For individual independent nodes we formulate the equation according to 1. 
Kirchhoff Law. The outgoing heat flows have the positive sign; the ingoing heat 
flows have a negative sign. 
3. We calculate the heat flows and heat rises of individual elements in the circuit.  
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The method of nodal heat rises requires the sources in the network (independent or 
controlled) to be only heat flow sources. The temperature sources need to be substituted 
through heat flow sources. 
Generally can be written 
 zΛΘ = Q  (3.136.) 
where Λ is the system matrix (so called conductivity matrix of the system), Θ is the 
vector of unknown nodal heat rises, Qz is the right side vector (of the independent heat 
flow sources). More commonly is the system matrix called admittance matrix of the 
system and is represented by letter Y.  Its elements are then inherent and mutual 
admittances of the nodes in the network. 
Practically using this method of nodal heat rises means formulating the necessary 
equation directly in their matrix form:  
− We prepare ourselves a square admittance matrix. The grade of the matrix is 
equal to number of unknown nodal heat rises, i. e. number of nodes minus one. 
Into column vector we write directly the symbols for the nodal heat rises. 
− The admittance matrix is composed by firstly filling the elements on the main 
diagonal. The element Λii (i. e. element in i-column of i-row) is equal to a sum of 
conductances connected to the i-node. This is the co called inherent conductance 
of the node and this element has always a positive sign. The elements beside the 
main diagonal Λij = Λji are so called mutual conductances of the nodes, means the 
sum of conductances connected in between the nodes i and j. If the counting 
arrows are all chosen in the same direction, mostly to the reference node, these 
elements have a negative sign. If mutual conductance of the nodes is zero in case 
the nodes are not connected directly through a single branch. The admittance 
matrix is symmetrical in regards to main diagonal, if the network contains only 
independent heat flow sources. Controlled sources cause a non-symmetry of the 
admittance matrix. 
− Element Qz in the i-row of the right side vector  is equal to algebraic sum of heat 
flows from independent heat flow sources, inflowing to i node. The outgoing heat 
flows have a negative sign. The heat flow source namely changes their sign due 
to their transfer on the right side of the equation system. 
3.4.2 Modified method of nodal rises 
The modified method of nodal rises stems out from the original nodal rises method. The 
vector of the unknown quantities still contains mostly the nodal heat rises, with their 
orientation from the independent node to reference node. But the vector of unknown 
quantities is enlarged through some of the nodal heat flows, namely through the heat 
flow of the ideal sources. At Fig. 3.41 is showed a diagram containing the ideal 
temperature source: 
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a
b
Qs
Qa
Qb
Qs
 
Fig. 3.41 To modified nodal rises method 
The source was excluded from the rest of circuit and in the picture can be seen, that it 
was connected to the circuit in a and b nodes. The rest of the circuit is described through 
classical equations for nodal heat flows in admittance matrix Λ. Without the added heat 
flow source Θs the equations take this form: 
 zQΛΘ =  (3.137.) 
The heat flow of the added source Θs will be the new last element in the vector of the 
unknown quantities. The heat flow leaves node a and flow into node b. That is the 
reason for adding Qs to left side of the equation for node a and subtracting Qs from the 
left side for node b in the process of formulating equation in accordance with 1. 
Kirchhoff’s Law. We complete the system by adding equation in accordance with 2. 
Kirchhoff’s Law 
 a b sΘ Θ Θ− =  (3.138.) 
which reflects the fact, that the difference between both nodes is determined by 
temperature of the added source. In case of non-zero internal resistance RTs, see Fig. 
3.41 right, it is possible to include this resistance and still keep the original number of 
equations. The temperature difference between the nodes a and b is than enlarged by 
addition of the temperature drop on this resistance. After transferring the drop on the left 
side it results in 
 a b sΘ Θ Θ− =  (3.139.) 
In matrix form the resulting equations looks as follows: 
 
                                     
1
1
1 1
s
a
b
Ts s ss
a b Q
a
b
R QQ
Θ
Θ
Θ
     
     +     
     
× =     
−     
     
     
+ − −          
 (3.140.) 
By the lines are separated for sub matrixes in the system. In the upper left corner there is 
the square admittance matrix of the regular section of the circuit (i. e. that section that 
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has admittance matrix and can be described using the classical nodal heat rises method). 
The elements in this matrix are the inherent and mutual conductances of the nodes. In 
lower right corner there is square matrix of the temperature sources. Both left matrixes 
are generally rectangular and dimensionless. 
If we multiply the matrix by the vector of unknown quantities, then the ones in the last 
column of the matrix will be multiplied by heat flow Qs, exactly corresponding with the 
situation where the heat flow exit node a and enters node b. The ones in the last row are 
multiplied by heat rise Θa resp. Θb and resistance RTs by heat flow of the source Qs, as 
specified by equation 3.139. for temperature difference on the clamps of the source. 
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3.5 Fluid flow 
This chapter was compiled using mainly the literature sources [2], [4], [9], [18], [23]. It 
deals with ventilation system of the electrical machine. The ventilation system covers 
the source of pressure, ventilating ducts and air conduits, constituting purposeful paths 
for coolant flow and transfer of heat off the cooling surfaces. 
3.5.1 Pressure drop – Bernoulli’s principle 
The basic laws of fluid flow for free of losses systems stem out from the energy and 
mess conservation law. For a system without friction losses the sum of individual types 
of energy must be the same in every point of the system. 
 .kin p vE E E kost+ + =  (3.141.) 
If we substitute for the respective types of energy: 
 
2
2kin
wE M= ⋅  (3.142.) 
 pE M g H= ⋅ ⋅  (3.143.) 
 v
ME p
ρ
= ⋅  (3.144.) 
 the result will have this form: 
 
2
.
2
w MM M g H p konst
ρ
+ ⋅ ⋅ + =  (3.145.) 
After relating to unit of mass we can see the most known form of the Bernoulli’s 
principle:  
 
2 2
1 1 2 2
1 22 2
w p w pg H g H
ρ ρ
+ ⋅ + = + ⋅ +  (3.146.) 
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Fig. 3.42 Individual types of energy in the fluid flow in a pipe 
As a pressure drop are denoted losses caused by irreversible processes. These losses can 
occur through friction, separation of flow or secondary fluid flows, where the energy 
transmutes into thermal energy. 
 
2 2
1 1 2 1
1 22 2
vpp w p wg H g H ∆
ρ ρ ρ
+ + ⋅ = + + ⋅ +  (3.147.) 
In praxis there are often cases of fluid flow of incompressible fluid moving on the same 
level, see Fig. 3.43. In that case the equation takes this form:  
 
2 2
1 2
2 2
vpp pw w ∆
ρ ρ ρ
+ = + +  (3.148.) 
Specific 
total 
energy 
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Fig. 3.43 Horizontal pipes 
3.5.2 Internal friction 
Al the coolants used in cooling electrical machines belongs to the group of the Newton’s 
fluids. As such, the Newton’s Viscosity Law applies to them. 
 
dw
ds
τ η= ⋅  (3.149.) 
The constant η is called dynamic viscosity and is characteristic property of each fluid. It 
is a material property, dependent only on pressure and temperature of the fluid. By 
liquids the change related to pressure is insignificant, on the other hand by gasses 
exposed to large pressure difference the change is much more important. This is caused 
by different inner structure of liquid and gasses. 
The ratio between dynamic viscosity and fluid density is called kinematic viscosity ν. 
 
η
ν
ρ
=  (3.150.) 
Then the inner friction can be written as  
 
dw
ds
τ ρ ν= ⋅ ⋅  (3.151.) 
kinetic energy
pressure head 
head loss 
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Fig. 3.44 Distribution of velocity in a viscose fluid situated between moving plane 
and a still standing wall 
 
Fig. 3.45 Kinematic viscosity of water and air in dependency on temperature 
Ratio 
 Re w L
ν
⋅
=  (3.152.) 
is called Reynolds number. This number is one of the most important parameters 
describing fluid flow and heat transfer. It is a dimensionless ratio between the inertia 
Air by 1 bar 
Water by 1 bar 
from 100°C by sated vapour pressure 
K
in
em
at
ic
 
v
is
co
si
ty
 
Temperature 
Thermal calculation of rotational electrical machines using thermal network 
- 59 - 
and friction forces in the fluid flow. To calculate the value of Reynolds number we need 
to determine the characteristic value of the pipe. For a pipe with circular cross section 
we substitute L by diameter d. Generally, we insert for pipes co called hydraulic 
diameter dh. 
 
4
h
Ad
U
⋅
=  (3.153.) 
where A is a cross section and U is the with fluid wetted circumference of the pipe. 
 
Fig. 3.46 Hydraulic diameter 
For pipes of general shapes the formulas are listed in Tab. 3.6 
Tab. 3.6 Calculation of the hydraulic diameter for different profiles of the pipe 
Profile of the pipe Calculation of dh 
Annulus (Fig. 3.47) 2hd s= ⋅  
Rectangular profile(Fig. 3.47) 2h
a bd
a b
⋅ ⋅
=
+
 
Complicated cross sections of three 
dimensional problems 
4
h
o
Vd
A
⋅
=  
Notice: V is the volume of fluid flowing through and Ao is the wetted surface of the 
pipe.  
 
Fig. 3.47 Hydraulic diameter of annulus and rectangular profile 
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3.5.3 Laminar and turbulent flow, friction factor 
Laminar flow is a fluid flow by a low velocity of the flowing fluid; the layers move 
along each other, the stream line display doesn’t change with time, the velocity vectors 
in individual layers are mutually parallel. 
 
Fig. 3.48 Laminar fluid flow 
If we start out at Pascal Law, it stands: 
 
1
2
r R
r
p
w r dr
L
∆
∆ η
=
= ⋅ ⋅
⋅
∫  (3.154.) 
For circular pipes 
 ( )2 212
p
w R r
L
∆
∆ η
= ⋅ −
⋅
 (3.155.) 
The maximum velocity is  
 
21
ˆ
4
p
w R
L
∆
∆ η
= ⋅
⋅
 (3.156.) 
The mean velocity of the fluid flow is then: 
 
2 ˆ1
8 2
V p w
w R
A L
∆
∆ η
= = ⋅ =
⋅
ɺ
 (3.157.) 
 
Fig. 3.49 The velocity of a laminar flow 
Thermal calculation of rotational electrical machines using thermal network 
- 61 - 
The friction losses of the laminar flow are dependent only on the speed and viscosity of 
fluid flow, the roughness of the surface is unimportant. The pressure drop is then  
 
2
2L
Lp w
d
∆ ρ∆ λ= ⋅ ⋅ ⋅  (3.158.) 
The friction factor is determined by Poiseuille’s equation: 
 
64
ReL
λ =  (3.159.) 
If we substitute for pipe’s diameter d the hydraulic diameter dh, for non circular profiles 
it is necessary to take this fact into account by using factor fL 
 
64
ReL L
fλ = ⋅  (3.160.) 
 
Fig. 3.50 Correction factor fL for annulus and rectangular profile 
Turbulent flow has other characteristics: the streamlines cross each other (mix together) 
and break down into a shape of whirls in the whole profile of the pipe. This is the reason 
behind the assumption that the velocity of the flow is nearly constant in the whole cross 
section of the pipe. The laminar flow velocity comes nearer to a velocity profile of an 
ideal fluid. 
 
Fig. 3.51 Turbulent fluid flow 
Dimension ratio
Boundary layer
Boundary layer
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Fig. 3.52 The dependence of a velocity profile on the Reynolds number Re 
For a very thin layer in close proximity to the pipe wall there is of course an influence of 
viscosity of the flowing fluid. This layer is called boundary layer. The determination of 
its thickness is very important when calculating the pressure drop of flown through or 
around bodies. The thickness of the boundary layer is however not fixedly set. Most 
common definition is from wall until point, where the velocity in the layer increased to 
w=0,99w∞. The calculation is possible only for the simplest cases. For parallel 
circumfluent plane and it‘s the boundary layer applies: 
 
ReL L
Lδ =  (3.161.) 
In this case L is the distance from the edge of the plane. For a turbulent boundary layer 
applies: 
 0,20,37 Ret L
Lδ = ⋅  (3.162.) 
 ReL
L
w
ν∞
= ⋅  (3.163.) 
The thickness of the boundary layer with regard to 3.161. cannot increase unlimitedly. In 
certain distance Lkrit from the front edge of the plane the laminar boundary layer 
suddenly turns into turbulent boundary layer, where Re reaches 
 
5 5Re 3,2 10 3,5 10
L+
= ⋅ ÷ ⋅  (3.164.) 
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Fig. 3.53 Formation and structure of the boundary layer 
By turbulent fluid flow is the friction factor λ dependent not only on Reynolds number 
Re but on roughness of the pipe wall as well. The roughness can be expressed as so 
called relative roughness, a ratio between the diameter of the pipe and mean height of 
the unevenness in the pipe. For hydraulic even pipes (k=0) the Blasius equation is 
commonly used. 
 
4
0,25
10,3164 Re Re 8 10
Re k
λ = ⋅ ≤ ≤ ⋅  
 
5 6
0,20
10,184 10 Re 10
Re
λ = ⋅ ≤ ≤  
 
Fig. 3.54 The influence of pipe roughness on the laminar flow 
interchange 
laminar  
boundary layer 
turbulent 
boundary layer 
Laminar boundary underlayer 
(mostly laminar) 
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For calculation of the friction factor in the whole interval of Re and all values of pipe 
roughness the Coolebrook and White equation can be used: 
 
1 18,71,74 2lg
/ 2 Re
k
dλ λ
 
= − + 
⋅ 
 
The mutual dependency between relative pipe roughness d/k, Reynolds number Re and 
friction factor λ is visible in Fig. 3.54 
 
Fig. 3.55 The mutual dependency between relative pipe roughness d/k, Reynolds 
number Re and friction factor λ 
(Grenzkurve-boundary curve, hydraulisch glatt-hydraulic smooth, hydraulisch rauh-
hydraulic rough) 
The roughness for some commonly used materials in relation to their state and finish is 
listed in Tab. 3.7 
Tab. 3.7 Absolute roughness of pipes for different kinds of material 
Pipe Absolute 
roughness in mm Material Kind State 
Copper 
Brass 
Bronze 
Light metal 
Glass 
Drawn or 
stamped New 0,0013÷0,0015 
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Pipe Absolute 
roughness in mm Material Kind State 
Rubber Pressure hose New, not rotten 0,0016 
Plastic  New 0,0015÷0,0070 
Steel 
Seamless, 
common 
New 
• rolling crust 
• mordanted 
• galvanized 
 
0,02÷0,06 
0,03÷0,04 
0,07÷0,10 
Lengthwise 
welded 
New 
• rolling crust 
• bituminous 
• galvanized 
 
0,04÷0,10 
0,01÷0,05 
0,008 
Seamless or 
lengthwise 
welded 
Used 
• slightly rusty or 
ingrown 
 
0,1÷0,2 
Cast iron  
New 
• casting crust 
• bituminous 
 
0,2÷0,6 
0,1÷0,2 
Used 0,5÷1,5 
Asbestos-cement  New 0,03÷0,1 
cement concrete  
New 
• glazed 
• even paint 
• medium rough 
• rough 
 
0,1÷0,2 
0,3÷0,8 
1÷2 
2÷3 
3.5.4 Pressure drop independent on the length of the pipe 
The friction factor λ express the pressure drop in the unit length of the pipe. But there 
are some losses that are independent on the length of the pipe, they depend only on the 
geometrical dimensions. Mostly those are losses caused by a change in the cross section 
value (restriction and expansion of the pipe, sudden or gradual), bend or branches. The 
individual cases are listed in Tab. 3.8. ζ is called loss factor. 
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Tab. 3.8 Elements in the pipes and calculation of their loss factor 
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3.5.5 Parallel and serial connection of hydraulic resistances 
For calculation of hydraulic systems containing many branches the method used is based 
on the resemblance between electrical and hydraulic circuit. In that case the head loss is 
equivalent to voltage loss and the flow volume is equivalent to electrical current. The 
parallel however is not 100%, the flow volume appears in the second power in the 
equivalent of Ohms Law (3.168.). This is the reason for differences in parallel 
connection of resistances in hydraulic and electrical circuit. 
The head loss is in general calculated: 
 
2
2
Lp w
d
ρ∆ λ ζ = ⋅ + ⋅ ⋅ 
 
 (3.165.) 
We insert for velocity 
 
V
w
A
=
ɺ
 (3.166.) 
 
2
2
L Vp
d A
ρ∆ λ ζ   = ⋅ + ⋅ ⋅  
   
ɺ
 (3.167.) 
The equivalent of Ohms Law in hydraulics is then: 
 
2p R V∆ = ⋅ ɺ  (3.168.) 
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 22
LR
d A
ρλ ζ = ⋅ + ⋅ 
⋅ 
 (3.169.) 
For serial and parallel connections the basic rules remain valid. In parallel connection of 
resistances/hydraulic resistances the voltage drop/head loss at each parallel branch must 
be the same. For a serial connection of resistances/hydraulic resistances the current/fluid 
volume flowing through all the resistances must be the same. 
For serial connection of hydraulic resistances stands: 
 
1
n
ser i
i
R R
=
= ∑  (3.170.) 
For parallel connection of hydraulic resistances stands: 
 
1
1 1n
ipar iR R=
= ∑  (3.171.) 
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4 Optimization 
4.1 Introduction 
Mathematic task of optimization is the effort to find such values of the variables, for 
those the given target function assumes the minimal or maximal value. 
 ( ); 1,kf f x k n= = …  (4.172.) 
where n is the dimension of the problem. The mathematic necessary condition for an 
extreme of a function is the zero value of the function’s gradient: 
 0
k
f
x
∂
=
∂
 (4.173.) 
The engineering problems that can be encountered in praxis, can be very complicated n 
their definition. In most cases is not possible to describe the given optimization function 
in analytical way. That rings true especially by problems with distributed parameters, 
described by partial differential equations. Consequently it is necessary to find a suitable 
optimization method to find a global extreme. The optimization method can be used 
even in cases when there is an analytical formulation of the function. That can namely 
be that complicated that calculating the partial derivations is closed to impossible. 
In that case the usage of an optimization method in connection with a computer and 
numerical calculations. Usually there is no information about the form of the target 
function f. The optimization method is the tool helping to find the form. The term 
„finding the extreme“ is not very exact though. The place and value of the extreme 
evaluated by the optimization method is only an approximation to a real extreme. Where 
the real extreme lies is only possible to find out by analytically solving the 
mathematically given function. On the other hand, the accuracy we reach localizing the 
extreme is in most cases sufficient. 
4.2  Overview of optimization methods 
There is a large amount of optimization methods. The same can be said about their 
modifications. It is possible though to divide the methods into some basic groups: 
− „Natural methods of optimization (evolution, gradual changes)“ 
for example sport disciplines, breeding of animals, stochastic methods, method 
of genetic algorithm, evolution algorithm, … 
− Experimental methods of optimization (production methods…..) 
− Mathematic-physical methods of optimization (design of the shape, function, 
parameters of the appliance …) 
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• Analytical-ideal or idealized solution of the assignment 
• Numerical solution-assignment difficult to solve, impossibility to verify 
the partial solutions, measurements, technically assigned problem… 
⋅ Semi-analytical solution-conjugate problems with nonstandard elements 
 
Fig. 4.1 Process of “natural” method of optimization 
 
Fig. 4.2 Process of experimental methods of optimization  
The basic procedure in optimization is the same, no matter which method we choose. 
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Fig. 4.3 Basic procedure during optimization 
4.3 Gradient optimization methods 
As explained in previous chapters, there is a huge amount of different optimization 
methods. To optimize an electrical machine, only some of the methods can be used. As 
evident in theoretical part of this work, almost all of the problems concerning heat and 
fluid flow are in their nature nonlinear. Already this fact excludes a fair number of 
optimization methods, as for example method of genetic algorithm (GA). This method 
is currently quite popular, because of its ability to solve problems with many variables 
in extremely complex problems, additionally it is very reliable in finding the global 
maximum. It is one of a few methods, where the gradient of the system is not necessary 
to calculate. It’s ability to solve nonlinear optimization problems is unfortunately very 
limited. 
Thermally optimizing an electrical machine means working with a large network with 
many parameters and dependencies. Therefore it is important to choose a method that 
converges quickly towards required solution. The usage of gradient optimization 
methods is one of the possibilities. Their advantage is the ability to work with large 
nonlinear problems, even though they start in a point very distant from the extreme. 
There are many variations of the gradient method: 
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Fig. 4.4 Principle of gradient methods 
Gradient method of steepest descent is a gradient method of first degree. It is used to 
find local minimum under the condition of local differentiability of the function. Can be 
used in multidimensional space, but by functions with shallow saddles a large number of 
iterations can be necessary. 
 
Fig. 4.5 Principle of steepest descent method  
Grid generation
Grid generation
end 
end 
Grid generation
Grid generation 
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Conjugate gradient method is again a firs degree gradient method. In comparison with 
the method of steepest descent, this method works much faster to find the local 
minimum by functions with wide shallow minimum. 
 
 
Fig. 4.6 Principle of conjugate gradient method  
Gradient methods of higher degree use not only gradient, but the second derivations 
(Hessian) as well. Hessian provides information about the curvature of the function, but 
is generally very difficult to calculate. As example serve Newton-Rhapson method or 
quasi-Newton methods (Davidson-Fletcher-Powell (DFP), Broyden-Fletcher-Goldfarb-
Shanno (BFGS), Murtaugh-Sargent (MS)). By quasi-Newton methods it is necessary to 
calculate only the first derivations, the Hessian is calculated gradually as the process 
continues.  
4.4 Levenberg–Marquardt method 
Levenberg–Marquardt method [32] is based on formulation with higher number of 
derivations, it is a gradient method of second degree. The derivations of the second 
degree are usually quite difficult to calculate. On the other hand it has the advantage of 
adjusting the iteration step in dependency on the value of the gradient during the 
calculation. That causes a significant acceleration of the calculation and decrease in 
numbers of necessary iteration steps. This method was used for thermal optimization in 
this work. 
Grid generation
Grid generation 
end 
descent direction
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Fig. 4.7 Principle of gradient methods of higher degree 
 
Fig. 4.8 A test of gradient methods of different degrees on Rosebrook function 
( ) ( ) ( )22 21 2 1 1 1 2100 1 ; , ,q x x x x x= − + − ∈ −∞ ∞  
Simplified is possible to express the Levenberg–Marquardt method principle through 
equation: 
 [ ]{ } { }=sH Gr∆χ −  (4.174.) 
where [ ]sH  is the Hessian of function Φl and { }Gr is it’s Gradient. 
Advantage of insensitvity at calculating 
gradient matrix and Jacobian (n=2) 
end 
Grid generation
Grid generation 
Finish2 
Finish1 
Finish3 
Gradient m. of higher degree
 
Conjugate gradients
 
The gradient method    
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Hessian is defined as: 
 [ ]
1,1 1,
,1 ,
=
s s N
s
sN sN N
H H
H
H H
χ
χ χ χ
 
 
 
 
 
⋯
⋮ ⋱ ⋮
…
 (4.175.) 
 
2
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i=1
= ,m,n=1,..,
N
i
sm n
m n
H N
Φ
χ
∂ Φ
∂χ ∂χ∑
ℓ
 (4.176.) 
The column matrix of gradients is: 
 { }
1
=
N
Gr
Gr
Gr
χ
 
 
 
 
 
⋮  (4.177.) 
 
i=1
= , =1,..,
N
i
p
p
Gr p N
Φ
χ
∂Φ
∂χ∑
ℓ
 (4.178.) 
Optimization is an iterative process that proceeds for =1,.., oNℓ  and is successfully 
finished when those conditions are fulfilled: 
 { } { }4bχ χ κ− ≤ℓ  (4.179.) 
 { } { }1 5χ χ κ− − ≤ℓ ℓ  (4.180.) 
 { } { }6bΦ Φ κ− ≤ℓ  (4.181.) 
 { } { }1 7Φ Φ κ− − ≤ℓ ℓ  (4.182.) 
where 4κ ,... 7κ are selected non zero constants. 
The target functions were chosen as follows: 
 
3
1
1
i i
i
opt opt
PV
V
P V
=
=
∑
 (4.183.) 
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=
∑
 (4.184.) 
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Function V1 ensures preferably even distribution of temperature in individual vents. 
Function V2 ensures minimal change of iron active length, so it won’t be necessary to 
redesign the electrical and magnetic design of the electrical machine. The input 
parameters are number of radical vents and their width. For a complex optimization it is 
possible to supply more target functions. 
The formal and target limitations are described by the equations:  
 
,min ,max , =1,..,j j j dj Nχ χ χ≤ ≤  (4.185.) 
 ( ) ( ) ( )
,min ,max , =1,.., Si i ig g g i Nχ χ χ≤ ≤  (4.186.) 
The chosen input parameters jχ  are for the optimization normalized. 
 
,min
,max ,min
=
j j
j
j j
χ χ
Χ
χ χ
−
−
 (4.187.) 
The reason for it is the incommensurability of the individual parameters. Then the 
functions from equation 4.186. are modified and rewritten as 
( ) ( ) ( )
,min ,max, ,i i iG G GΧ Χ Χ , i=1,..,Ns. The target functions 4.183., 4.183. and 4.184. 
with limitations 4.185. and 4.186. are approximated using the Kreisselmeier- 
Steinhauser function: 
 
( ) ( )7W ln
=1
1
= ln , 1,20
 
∀ ∈ 
 
∑ j j
V
j
j
f e ζ ζ ζζ  (4.188.) 
 
( ) ( )S
N
G ln
=1
1
= ln , 1,20  ∀ ∈ 
 
∑
Gf e η η η
η
ℓ ℓ
ℓ
ℓ
 (4.189.) 
 
( ) ( )d
N
ln
=1
1
= ln , 1,20  ∀ ∈ 
 
∑ k k
X
k
k
f e ξΧ ξ ξξ  (4.190.) 
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Fig. 4.9 Behavior of Kreisselmeier- Steinhauser function in dependency on the size of 
the parameter ρ 
The Kreisselmeier- Steinhauser function is a differentiable envelope function for a set of 
functions Y=Fk(X), k=1...NK. Its behavior is visible on Fig. 4.9. This function has 
generally two forms: 
 ( ) 1 ln , 1kFk
k
KS F e k NKρ
ρ
⋅
 
= = 
 
∑ …  (4.191.) 
 ( ) ( )max1 ln , 1kF Fk max
k
KS F F e k NKρ
ρ
 −  
= + = 
 
∑ …  (4.192.) 
The equation 4.192. is recommended too be used if the form 4.191.generates to high 
values for the exponential function. Kreisselmeier- Steinhauser function has following 
properties: 
 ( ) ( )max max ln , 1k NKF KS F F k NKρ≤ ≤ + = …  
The resulting optimization function is built up from the base functions 4.188. to 4.190., 
using penalty functions for the X quantities and state functions G. Therefore it looks: 
0.5 1 1.5 
1 
2 
3 
4 
f 1 x ( ) 
f 2 x ( ) 
f 3 x ( ) 
KS x 5 ,  ( ) 
KS x 1 ,  ( ) 
KS x 3 ,  ( ) 
KS x 7 ,  ( ) 
KS x 9 ,  ( ) 
x 
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∑ ∑  (4.193.) 
The optimization is finished after N0 steps. The penalty functions are expressed: 
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(4.194.) 
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 =1,..,5gs . (4.197.) 
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Fig. 4.10 Procedure of optimization using the Levenberg- Marquardt method 
To create a generally working optimization method, it is necessary to propose the 
method how to calculate the Jacobian and Hessian. If the target functions are simple, it 
should be possible to analytically calculate the first and second derivation, but by more 
complicated functions or by a large number of them the analytical calculation can be 
very difficult or impossible. That was the reason for suggesting a numerical method of 
calculation of derivations for random form of the target functions. 
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 (4.198.) 
Grid generation, model construction 
Solvi g of the iteration process: 
Finding: 
Finding: 
Grid generation, model construction
Finish optimization? 
Outp t: 
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 (4.200.) 
On one hand the derivation calculation strongly increase the number of necessary 
simulations of the system, on the other hand the calculation process is independent on 
number of input parameter and target functions. In case of correctly chosen h and ∆x the 
calculation is very accurate even for complicated function. h and ∆x is recommended to 
choose in interval 
 ( )2 510 , 10 , =1,..,− −∈ n nh n Nχχ χ  (4.201.) 
 ( )2 510 ,10 , =1,..,− −∈i i i i Nχ χ∆ χ χ  (4.202.) 
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5 Designed models of thermal networks 
Siemens was looking for a method enable to calculate heat rise of a rotating electrical 
machine in all possible different states. One of the requests was the ability to calculate 
temperature distribution along the longitude section, above all along the winding. This 
request is the reason that makes impossible to use method described in [1]. That method 
is able to deliver only mean winding temperature. Another important criterion for the 
method was the speed of the calculation. The duration of the calculation can’t be longer 
than 1 minute (for a steady state calculation, not start up or interrupted running). By this 
requirement the finite elements method was discarded, eventually method of final 
differences. These methods reach the required accuracy by appropriately chosen density 
of elements, but the duration of calculation oscillates in hours, by complicated models 
even days. The accuracy of the model expressed as absolute error of calculated heat rises 
in relation to measured ones should not overstep 5 Kelvin. All these requirements 
leaded to thermal networks method. By required accuracy there are approx. 250 thermal 
resistances in the network. The total number of elements lays around 450. The duration 
of the calculation for a steady state falls into interval 8-20 seconds, dependent on 
required accuracy. 
The chosen process is used in internal program of Siemens. It serves to verify the heat 
rises in different parts of el. machine, if the customer request significant changes of 
technical parameters in comparison with a standard machine. Considering that the 
changes are made very often, it is necessary to verify tens of machines a day. This was 
the reason behind the speed request. To make the decision, it was taken into account that 
using FEM in such a scale involves equipping the department with IT technology and 
programs. The price of those programs is usually very high. Using the thermal network 
method, these requirements decrease severely, the common office computers are 
enough. For the calculation itself there are two options: it is possible to devise the own 
solver or utilize the analogy between thermal and electrical diagrams. That offers as a 
solver any one used in solving electrical circuits. 
The company Siemens decided to use program Simplorer (Fig. 5.1), practically 
unknown in Czech Republic. Although it reminds strongly of Pspice at first sight, it is 
able to carry out not only electrical, but magnetic, thermal and simple fluid flow 
calculations as well. This makes possible to interconnect thermal and fluid flow 
calculation for the coolant in internal cooling system into one step and so create a 
conjugate problem. Simplorer contains the libraries necessary for turbulent flow 
calculation. The well arranged graphical interface enables the creation and control of the 
networks. Other advantage is an easy development of macros. In case of thermal 
networks it is the whole library of elements, simulating the heat transfer from solid 
material into flowing coolant and automatic increase of losses in stator and rotor 
winding in dependency on thermal coefficient of the winding material. In total has the 
library 15 elements. 
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Fig. 5.1 Graphical interface of SIMPLORER 
Tab. 5.1 Enhanced library of thermal network elements 
Element Description Symbol 
Start element 
(hydraulic network) 
The start point of hydraulic 
network, the source of coolant 
 
End element 
(hydraulic network) 
End point of hydraulic network, 
equivalent of grounding in 
electrical engineering 
 
Divider It divides the coolant into 
individual vents 
 
Collector Collects the individual flows from 
the vents 
 
Coupling of 
hydraulic and 
thermal networks 
Couples the otherwise independent 
thermal and hydraulic networks 
 
Heat source Infusing the network with the 
motor losses 
 
Indispensable advantage of current version is the ability to control the calculation using 
scripts, which makes the data transfer and matching the values to individual resistances. 
It is possible to line the Simplorer calculation in a program loop and work further with 
the data generated by Simplorer. 
Because of the way how the thermal networks are used (different types of machines, 
couple of calculations a day), it was necessary to devise a reasonable method of entering 
the input data. In total the required number of inputs is commonly around 180, which 
immediately excludes manual input. There is a program used in Siemens called 
SMART, calculating the electrical and magnetic side of the machine. It is used for 
implementing changes in design and verifying them. The inner database of this program 
contains a large number of data describing the geometry of machines, approx. 80% of 
data necessary to start the thermal calculation. Further Smart allows calculating the 
losses of the machine, and not only summing of losses, but the distribution inside the 






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machine. From the SMART calculation is visible the distribution of stator and rotor 
losses, the division into teeth and yoke. The winding losses of stator and rotor are 
calculated as well, even compensate for the increase of losses caused by skin effect. The 
value of the additional losses can be estimated as well, both dependent and independent 
on the machine load. And the division into pulsative and surface losses. The SMART is 
written in Java [25] and as it is created and maintained in Siemens, further requirements 
can be accommodated.  
For all the above mentioned reasons it was decided to implement the thermal networks 
into SMART as a new module.  
The module is called thermal networks (Wärmenetze) and currently are in service three 
models of thermal networks: 
 Z- ventilation 
 X- ventilation 
 1PL6 
The Z- ventilation and X- ventilation are two variants of a cooling system. They vary in 
the coolant paths for fluid flow, but mechanically are the stator and rotor laminations for 
both variants identical. It is possible to produce the motor with both ventilation systems, 
according to customer’s wish. 
By both types, X and Z, the radial symmetry of distribution of temperatures is assumed. 
By motors without frame it is no longer possible to use this assumption, they exclude 
this assumption by the construction. 
 
Fig. 5.2 The display of calculation results 
The complete models of the individual machine types are attached in addendum, the 
calculation for individual parameters in the Java programs are listed on the CD.  
5.1 Z-Ventilation 
Z- Ventilation (end – to – end) is one of the most common ventilation types for larger 
motors with radial cooling vents. The air enters the machine on side and the air stream 
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divides into part flowing into rotor and part cooling the winding overhang. The part in 
rotor further split into individual radial cooling vents. There it continues through the air 
gap into stator radial vents. In the gap between the yoke and frame the individual flows 
unite again and exit the motor. On the side of air exit there is a fan that sucks in the air 
needed for cooling. 
 
Fig. 5.3 Z- Ventilation 
Z TEAAC osová výška 710
0,0
20,0
40,0
60,0
80,0
100,0
120,0
140,0
-2 3 8 13 18 23
meassured-coil meassured-core meassured-air
simulated-coil simulated-core simulated-air
Fig. 5.4 The comparison of measured and simulated quantities for z- Ventilation 
5.2 X- Ventilation 
X-ventilation (double–end- to-center) is mostly used by motors with higher speed, thus 
the 2-pole and 4-pole machines. For lower speeds this type is not so suited, as the 
efficiency decrease with the speed. This constellation varies from the X-ventilation. 
There are two fans, on both sides of the machine. The air enters the machine on both 
sides simultaneously, pressed in by the fans. It splits into part cooling the rotor and part 
cooling the winding overhangs. In rotor it further divides into parts entering the radial 
vents, goes through air gap and recombine in the gap between yoke and frame. 
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Fig. 5.5 X-Ventilation 
X WPII osová výška 710
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 Fig. 5.6 The comparison of measured and simulated quantities for X-Ventilation 
5.3 Frameless electrical machines 
The frameless electrical motors are asynchronous machines without radial cooling vents. 
In the IP23 design the air enters the machine, cools the winding overhangs and divides 
into axial channels in the stator and rotor yokes. In IP55 design the winding overhangs 
and the axial channels in the rotor yoke completely covered, to prevent the cooling air 
from entering them. On the short-circuit rings are some blades, that circulate the air 
inside the enclosed area. Other than that, the rotor is cooled only via natural convection, 
there is no internal cooling circuit. 
In Fig. 5. is evident the main problem of composing a thermal network for this kind of 
motor. The cooling vents are spread in the yoke unevenly. In the areas of 12, 3, 6 and 9 
o’clock is only one row of the cooling vents, whereas in the corners are three rows. This 
causes a thermal unbalance and complicates the thermal network. Before creating the 
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network it was assumed that the machine is not quite axially symmetrical, but it suffice 
to simulate only on e quadrant, a sector between +45° and -45°. There two sections are 
simulated and connected parallel together. One section is the 12 o’clock section and the 
other is the corner with higher number of cooling channels there. This constellation 
allows simulating the considerable temperature difference between those two sections 
and still keeps the duration of calculation within a reasonable time interval. 
 
Fig. 5.7 Frameless motors 
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Fig. 5.8 Comparison of measured and simulated results for frameless machines 
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For the individual types of models there have been created model allowing transient and 
sensitivity analysis. An example simulating a fan failure for a frameless motor is 
depicted in Fig. 5.9. 
 
Fig. 5.9 Simulation of fan failure for 1PL6 type 
5.4 Sensitivity of networks 
Into the program calculating the parameters of the thermal network enter large number 
of input data. Some of these parameters have far higher importance then the other. 
While the material constants generally doesn’t change the distribution of temperatures 
as such, but moves all the point of the network up or down, there are some parameters 
fundamentally altering the distribution of temperatures inside the machine. One of these 
critical parameters is thickness of electric conductor’s insulation. These are values in 
tenths of millimeters that radically influence the distribution of temperatures mostly 
along the winding. With a difference in insulation thickness of one tenth of millimeter, 
the temperature in windings changes by 10°C. The size of the change depends on the 
size of the machine (the bigger the machine, the smaller the change). 
That’s why it is essential to assess the input parameter of insulation thickness as exactly 
as possible. By machines using flat wire windings it is not that big problem. On the 
other hand, the round wire machines (frameless machines) are completely different 
problem. The coils are winded and afterword’s impregnated in a bath. That means 
sinking the coils into the bath of insulating lacquer and pulling them out when the 
lacquer is not dry yet, hanging them to dry. That means that even with the biggest 
caution part of the insulating lacquer leaks out. The amount of leakage is impossible to 
determine very accurately, as there are too many factors influencing it. By comparing 
the simulations and measurements was deduced, that approximately 1/5 of the iron 
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active length is insulated considerably less then rest of the length. By wrong 
manipulation during drying of the lacquer it can be even 1/3 of the length. This fact 
fundamentally influences the network and has to be implemented, though some of the 
parameters are unsure at the very least. 
Another influential parameter is the velocity of the air flow in the space around winding 
overhangs. For large motors with a plain short-circuit ring it is possible to use the 
equations coming from long time praxis. These stem more from the experience of the 
engineers than from scientific publications, but are in principle invaluable. They allow 
simplifying the complex effect in winding overhang areas into a few formulas. The 
accuracy is adequate and makes the calculation of heat transfer coefficients quite simple. 
But for machines in IP55 design the situation is much more difficult. Firstly the whole 
space is hermetically sealed, that water and small particles cannot enter the machine. 
Secondary, the enclosing of the winding overhangs decreases dramatically the heat 
transfer out of them. To compensate for this effect, in common praxis blades or vanes 
are welded to the short-circuit ring. These whirl up the air around the winding 
overhangs, which cause the heat transfer to increase again. But the geometry of winding 
overhangs, short-circuit rings, blades and specially formed end shields is so 
complicated, that importing this geometry for example to Ansys is a challenge even for 
very experienced user. For a lump parameter method it is beyond limits of usability. For 
this reason the results in winding overhangs and short-circuit rings is necessary to take 
up as informative. The only possibility is to compare the simulations and measurements 
and adjust the heat transfer coefficient to make the simulated heat rises correspond to 
measurements. Unfortunately even FEM doesn’t really offer better accuracy. 
Another critical point is the width of radial cooling vents for X and Z-ventilation. These 
vents usually measure between 6 and 20 mm. By narrow vents there is a problem to 
avoid. The production works with certain tolerance, so the exact width is not always 
met. This fact cannot be reflected in the simulation network, though. On the other hand, 
even 1 mm difference changes the relations in the machine considerably, both thermally 
as well as from fluid flow point of view. 
5.5 Thermal dependency of the models 
In commonly used models is the thermal dependency of the models ignored, except for 
the recalculation of the heat losses in dependency on rising temperature of windings. 
This last dependency is simply too significant, influence the model behavior and cannot 
be omitted. For this reason, even a steady state model has to be calculated in a few steps, 
to increase the losses in relation with increasing winding temperature. 
But there are some other temperature dependencies. Each thermal resistance is in its 
principle thermal dependent. But the solid materials, contrary to fluids, change their 
thermal properties in dependency on temperature just a little. Therefore in most 
simulations is this dependency ignored. 
The situation changes for fluids. The temperature dependency is more pronounced, 
compared to solid materials. However, by required accuracy up to 5 Kelvin can this 
dependency be ignored as well. For calculations done on all three types of networks, the 
maximal discrepancy between models using resistances with and without thermal 
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dependency at the air exit from machine was 1,87 Kelvin.  By smaller machines, that 
generally reach higher temperatures than the larger ones, was the difference larger than 
by bigger machines with overall lower winding temperature. The biggest disadvantage 
of incorporate this thermal dependency is the duration of such calculation. All the 
parameters of the thermal network need to be recalculated in each and every step. So for 
transient analysis, the time of calculation grows exponentially. The accuracy 
improvement is this case cannot compensate for the time loss. 
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6 Usage of the optimization method 
In the work’s given example there were used only two target functions 4.183. and 4.184. 
Consequently, in this case the number and width of radial vents is optimized in such a 
way, that the distribution of temperature along the stator windings is as even as possible. 
Second condition is keeping the active length of iron possibly unchanged. This second 
condition allows using the original magnetic and electric design. 
In the employed example the Z-Ventilation ( Fig. 5.3) model is used. The big advantage 
of this type of ventilation is high efficiency even by low machine speed. The course of 
temperature can be described, with some restrictions, as linear increasing, as to be 
expected from the network model. But in both outward vents, the temperature drops 
considerably in comparison to the next one. This insinuates a big influence by cooling 
through the head of stator laminations.  
The number of vents oscillates between 5 and 20. The number of vent is on one side 
given by mechanical stability of the whole packet, on the other side by ability to produce 
the vents accurately. In theory a large number of narrow radial vents can seem very 
interesting, as the surface transferring heat increase significantly. However in praxis the 
production reach only certain limited accuracy and by very narrow vents there is the 
legitimate possibility, that the vent will be often partly impervious. Additionally the 
total hydraulic resistance increase and the flow velocity in the vents decreases, which 
means worsening of the heat transfer coefficient on those surfaces. In consequence 
therefore the immoderate narrowing of the radial vents is rather contra productive. 
Tab. 6.1 The behavior of temperatures and optimization function Φ for 
individual numbers of vents 
Number 
of vents 
Heat rise [K] 
Φ [−] 
Mean  
error [K] 
Temper
ature 
average 
[K] Vent 1 Vent 2 Vent 3 Vent 4 Vent 5 Vent 6 
5 66.37 64.05 61.66 59.20 57.21 55.24 6.951 3.4048 60.62 
6 65.90 64.78 62.19 59.70 57.88 54.94 6.821 3.3917 60.90 
7 65.63 65.35 62.60 60.09 58.40 54.77 6.738 3.3889 61.14 
8 65.49 65.82 62.94 60.40 58.81 54.68 6.686 3.3919 61.36 
9 65.41 66.22 63.22 60.66 59.16 54.64 6.659 3.3986 61.55 
9.5 65.39 66.39 63.34 60.78 59.31 54.63 6.652 3.4025 61.64 
10 65.38 66.56 63.46 60.88 59.45 54.62 6.650 3.4071 61.72 
10.5 65.37 66.71 63.57 60.98 59.57 54.62 6.651 3.4119 61.80 
11 65.37 66.86 63.68 61.08 59.70 54.63 6.657 3.4171 61.89 
11.5 65.38 66.99 63.77 61.16 59.81 54.63 6.665 3.4222 61.96 
11.9 65.39 67.09 63.85 61.23 59.90 54.64 6.674 3.4266 62.02 
12.1 65.39 67.14 63.88 61.26 59.93 54.64 6.679 3.4285 62.04 
13 65.42 67.35 64.03 61.40 60.10 54.66 6.706 3.4381 62.16 
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13.5 65.43 67.46 64.10 61.47 60.19 54.68 6.724 3.4436 62.22 
14 65.46 67.57 64.18 61.54 60.28 54.69 6.744 3.4492 62.29 
14.5 65.48 67.67 64.26 61.60 60.36 54.71 6.766 3.4548 62.35 
15 65.50 67.75 64.32 61.66 60.43 54.72 6.787 3.4598 62.40 
15.5 65.52 67.84 64.38 61.71 60.50 54.73 6.811 3.4650 62.45 
16 65.55 67.93 64.45 61.77 60.58 54.75 6.835 3.4705 62.51 
16.5 65.57 68.01 64.51 61.83 60.64 54.77 6.860 3.4755 62.55 
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Fig. 6.1 Behavior of optimization function Φ in applied interval 
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Fig. 6.2 The temperature along the stator winding for selected number of radial vents 
From Fig. 6.1 and Fig. 6.2 the behavior of the optimization function and temperature 
distribution can be understood for singular number of radial vents .From Fig. 6.2 and 
Tab. 6.1 is obvious, that according to the optimization algorithm the best solution 
selected is with 10 vents, although for solution with 7 radial vents the temperature 
distribution along the winding was more even. This is caused by target function V2, that 
watches the set length of stator lamination and keep its value. 
 
Fig. 6.3 Process of optimization 
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Tab. 6.2 The values of optimization function during the optimization process 
Optimization 
step 
Number of 
vents Value of  function Φ 
1 14 6.743726066400001 
2 7.51394322 6.707153711240466 
3 9.32867282 6.653736963403441 
4 9.94751345 6.650232892228339 
5 9.99739906 6.650214004252222 
6 9.99767758 6.650214003672068 
7 9.99767759 6.650214003672067 
8 9.99767759 6.650214003672067 
From the results in Tab. 6.2 and Fig. 6.3 it is clear, that the optimization process reached 
the end of the process very quickly. From the step #5 it was necessary to continue the 
optimization further, considering the fact that only whole numbers can be used. 
The Levenberg-Marquard method is a method employed, among others, to find the local 
minimum of the function. This could seem to leave a lot wanting, especially considering 
how complex system is an electrical motor. Using a method looking for a local 
maximum, however, under the circumstances can be an effective way how to optimize 
and save large amount of calculation time. Considering the fact that the motors are 
designed by experienced design engineers and the input parameters generally varies only 
in a limited interval, using a method looking for a local optimum is sufficient. As we 
use for the start point the parameters of an existing motor, the set of initial conditions 
for the optimization process is a very good one. By existing motors optimizing doesn’t 
mean a big and revolutionary change, it is meant to be a fine tuning mostly. 
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7 Conclusions 
This PhD. Thesis comes to existence during a close cooperation with Siemens 
Company, Nuremberg. The problems discussed in this work show some of the critical 
points in designing large electrical machines. 
The work started by thoroughly revising the current state of matter for calculating 
combined thermo hydraulic problems, with extra emphasis on calculation of electric 
rotating machines. Then the new direction the field was taking was examined. With 
regards to Siemens requirements about the speed and accuracy of the future program 
and considering the new findings, the method for the calculation was chosen. In the end 
it was decided in favor of thermal networks in combination with the hydraulic networks. 
New elements for the network needed to be created, to allow the necessary connection 
between hydraulic and thermal network. 
Further, three different models of thermal networks were created, each for a different 
type of cooling. Two models deal with such types of motors, where the radial symmetry 
of thermal field can be assumed. During the compilation of the models for X and Z-
ventilation, some prototypes were build. That allows even for measurements that are 
under normal circumstances very complicated or impossible. The results of those 
measurements further helped to calibrate the models for the mass use. 
The last model of the frameless machine was created with the awareness of the fact that 
this motor cannot be considered radically symmetric in thermal point of view. That 
means the model is near its limits, regarding the chosen method. Only one quadrant is 
simulated. In the simulation the motor is divided in two parallel connected sections with 
different sets of parameters. Even though this model doesn’t describe the essence of the 
problem quite exactly, it provides the results approximately of same accuracy as the 
previous two models. The duration of the calculation is about double. 
The durations of the simulation for X and Z-ventilation are in order of seconds, for the 
frameless machines are around 20-25 seconds, by a good chosen set of parameters for 
the numerical calculation. That means fulfilling the request about the duration of a 
simulation beyond measure. Further in the work there are listed the parameters 
influencing the result of simulations in a decisive manner and critical parameters that 
can change their value randomly for the same type of motor. It was clarified, that the 
most critical parameters are the thickness of the insulation of winding and the number 
and distribution of the radial vents in case a machine has them. 
Further, an optimization method was devised. This method can be used to optimize the 
conditions inside the motor with relation to its heat rise. The method allows optimizing 
using the same method independently on the number of variables and conditions that 
need to be fulfilled. For the calculation is selected the Levenberg-Marquard method, a 
hybrid between Newton-Gauss method and method of steepest descent. In comparison 
with other matematical methods, Levenberg-Marquard method shows some interesting 
properties, like the ability to solve nonlinear problems and convergence speed. Though 
use of this method for optimization is not very characteristic, its properties show a big 
potential for solving thermal optimization problems. 
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On an example was shown the usage of Levenberg-Marquard method, definition of 
target and penalty functions and usage of the Kreisselmeier-Steinhauser function to 
simplify the individual target functions and merge them into one. The method of 
Hessian and Jacobian was suggested. Even from a relatively simple example it is clearly 
visible the speed of the method. Even by complicated conditions and number of 
parameters, the method finds the optimum in approximately 30 steps. 
Due to the fact that this method allows to combine different sets of conditions, the work 
on the model optimizing magnetic and thermal properties  parallel in already in 
progress. 
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Symbol index 
Physical 
quantutie 
Description Units 
α
 
Specific cooling power W.m-2.K-1 
αo Specific cooling power W.m-2.K-1 
αon Substitutional  specific cooling power, related to a surface of 
the conductor Pv (including the influence of thermal resistances 
of interlayers) 
W.m-2.K-1 
αz Cooling factor W.m-1.K-1 
βo Volumetric coefficient of thermal expansion of fluids K-1 
∆ Matrix determinant  
δ Width, thickness m 
δs Mean distance  m 
ε Angle º 
η dynamic viskosity kg s-1 m-1 
ϕ Agle º 
Λ Thermal conducivity W.K-1 
λ Specific thermal conductivity W.m-1.K-1 
λef Effectiv coeffitient of specific thermal conductivity W.m-1.K-1 
λek Equivalent  coeffitient of specific thermal conductivity W.m-1.K-1 
ν Kinematic viscosity m2 s-1 
pi Ludolf’s number = 3,1415926535897932384626433…  
Θ Heat rise K 
Θ10,Θ20 Nodal heat rises Θ10, Θ20,…, Θ (n-1)0. K 
Θ∞ Heat rise of the surroundings K, ºC 
ρ Specific electrical resisatance Ω.m 
ρA Specific density kg.m-3 
σ Current density  A.m-2 
ξ, ξ1,ξ2 Auxiliary variables  
a Dimension of element m 
Ap Absorption  
b Dimension of element m 
c Dimension of element m 
cA Specific heat J.kg-1.K-1 
ch Specific heat  m2 s-2 K-1 
Cε Fluid constant   
Ck Fluid constant  
Ckε Fluid constant for dfferent temperatures  
d Width, thickness, diameter m 
Dp diathermancy   
Ez Emisivity  
F Force N 
g Gravitational acceleration m.s-2 
Gr Grashoff number  
h Height, charactericstic dimension m 
I Current A 
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Physical 
quantutie 
Description Units 
i,j,n Index  
kA Heat conductance factor W.m-1.K-1 
Kz Owershadowing factor  
kz factor of decrease in cooling  
Kzc The complete factor describing overshadowing  
l length m 
N The total corrective factor of cooling via radiation of the 
neighrour bodies or eventuell the concavity of the surface 
 
Nu Nusselt number  
O circumference (of the conductor) m 
P Surface area m2 
Pn Surface area in contact with the outer air m2 
Pr Prandtl number  
Pv Conductor surface m2 
q Specific heat losses  W.m-3 
Q Heat flow W 
QA Heat flow received from the surroundings W 
Qk Heat flow transferred via convection W 
Qz Heat flow transferred via radiation W 
r radius m 
R Electrical resistance Ω 
Re Reynolds number  
Rp Reflectance  
RT  Thermal resistance K.W-1 
RTC Total thermal resistancce  K.W-1 
RTch Thermal resistance of a cooling element K.W-1 
RTl Thermal resistance lengthwise K.W-1 
RTt. Thermal resistance crosswise K.W-1 
RTu tepelný odpor proudové úžiny K.W-1 
s Specific weight  kg.m-3 
S Cross section m2 
T Temperature K, ºC 
TA Temperature K, ºC 
tA Time s 
V Volume m3 
v Velocity m.s-1 
vA Coolant flow velocity m.s-1 
x The length variable m 
[ ]sH  Hessian  
{ }∆χ  Matrix of changes of independent variable  
{ }Gr  Jacobian  
{ }4κ  Selecten non zero constant  
{ }5κ  Selecten non zero constant  
{ }6κ  Selecten non zero constant  
Vi Target function  
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Physical 
quantutie 
Description Units 
jχ  The value of the sought parameter  
jΧ  Normalized value of the sought parameter   
jG  Normalized state function  
Wf  Basic optimized target function  
Gf  Basic optimized state function  
Xf  Basic optimized function of input parameter  
h The site of change of variable χ   
iχ∆  The site of change of variable jχ    
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